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Abstract

The article shows that expansionary open-market operations are
non-neutral, even with price flexibility, when the purchased assets are
partially liquid. A permanent injection of money generates a real-
balance effect that helps monetary transactions, reduces consumption
inequality and, by this way, increases social welfare. The mechanism
is effective when the economy is trapped in a stationary equilibrium
with an abundant supply of high-yield assets, which also implies ex-
treme consumption inequality — as at the sunrise of the Great Reces-
sion. Improving on this equilibrium requires the asset purchases by
the central bank or, equivalently, a fall in the supply of partially-liquid
assets, which reduce consumption inequality — as observed during the
Great Recession. To establish the result, I borrow the Williamson
(2012)’s model and return it back with a financial contract that effi-
ciently insures individuals against their uncertain demands for liquid-
ity. Compared to the original contract, the new arrangement enlarges
the Pareto frontier to allocations with higher social welfare.
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1 Introduction

Until the burst of the financial crisis in 2008, the amount of interest-bearing
assets in the financial system was huge and accompanied by a very attractive
interest rate, if compared with the actual one. Up to the same moment, the
rise of consumption inequality in US since the 1980s is a robust empirical
evidence!.

In the aftermath of the financial turmoil, and still now in a number of
cases, central banks have used the conventional instrument of open-market
operation (OMO) to buy unconventional assets for an unconventional period
of time, namely the permanent purchase of sovereign bonds (QE) and private
bonds (achieved under different programs). One of the result in US was the
reduction of consumption inequality?.

Any expansionary OMO wields its positive effects by lowering the tar-
geted interest rate — whatever channel the reader may have in mind — and
by changing the relative supply of outside money and interest-bearing assets
in the economy. As long as the assets do not provide liquidity services to the
public, their amount and return are not going to affect consumption directly.
The direct impact on consumption is supposed to come from a real-balance
effect of money holdings in case of sticky prices, or does not come at all with
flexible prices®.

The neutrality of OMO does no longer holds if the interest-bearing assets
are only partially illiquid, i.e. they are medium of exchange to some extent.
In this case a reduction of their supply and of the interest rate may have
direct consequences over consumption profiles?. Indeed, Williamson (2012)
shows that in this case any OMO that injects money is at best neutral, if
not contractionary.

Building on the contribution of Williamson (2012), I reverse his conclusion
by showing that a permanent purchase of partially-liquid interest-bearing as-
sets by the central bank has expansionary effect, i.e. it increases social wel-
fare, when the economy is trapped in a stationary equilibrium characterized

! Attanasio and Pistaferri (2016) report the evolution of consumption inequality over
time as measured by different papers, and the trend is positive until 2009 in all of them.

In Attanasio and Pistaferri (2014), “there is evidence of a substantial slowing down of
consumption inequality during the Great Recession”.

3The neutrality proposition, or the Modigliani-Miller theorem, for the OMOs has been
initially proposed by Wallace (1981) and has been recently questioned by Benigno and
Nistico (2015). They restrict the feasible set of contracts between the public, the treasury,
and the central bank, in order to catch the current institutional arrangements. However,
they find those restrictions sub-optimal.

4Away from the stationary equilibrium and with frictional prices, an exogenous drop
in the liquidity of interest-bearing assets is the focus of Benigno and Nistico (2013).



by an abundant supply of high-yield assets — as it was at the sunrise of the
Great Recession. More generally, away from the Friedman rule, I show that
the society is better off when the return on assets is lower than the rate of
time preference.

The equilibrium with abundant high-yield assets features extreme con-
sumption inequality between agents that can pay with assets and agents
that can only use money. When the authority increases the relative sup-
ply of money and lowers the interest rate (up to some point), consumption
inequality shrinks — as it was observed during the Great Recession — and
social welfare benefits from it. Interestingly, agents using money consume
more because the model produces a real balance effect, even though prices
are flexible.

As mentioned, this result emerges in the framework of Williamson (2012),
an economy where assets facilitate trade and banks provide liquidity risk-
sharing to their depositors. The spectrum of liquidity is represented by
interest-free money, like cash or some forms of deposits, and interest-bearing
assets, generically modeled as bonds. A private shock in the form of trade
friction prevents a fraction of agents to use bonds as medium of exchange.

When agents discover their payment technology, i.e. only money or money
and bonds, an atomistic banking sector provides an essential mechanism to
reallocate liquidity across depositors. Banks in the original contribution offer
a very intuitive contract: independently of the initial deposit, all the money
goes to depositors that only use money (money users), and all the bonds to
those that can use bonds (bond users).

In general, the interest rate makes a unit of bond more attractive than
a unit of money. Moreover, money users’ consumption is invariant to the
relative supply of money because the price level adjusts proportionally. Given
a path for inflation, the optimal policy follows: hike the interest rate up to
the rate of time preference so as to increase bond users’ consumption up to
the efficient level.

In other words, welfare in Williamson (2012) increases with consumption
inequality and is maximized in the equilibrium with plentiful high-yield as-
sets. This mechanism implies that when the private sector does not produce
enough interest-bearing assets, such that the interest rate is not the highest
possible, then the authority must inject bonds and retire money.

My analysis reaches the opposite results of Williamson (2012) by only
departing from his model in one dimension, namely the liquidity risk-sharing
contract offered by banks. I design a different deposit contract that weakly
dominates the original one in terms of ex-ante welfare. Precisely, I restrict
the set of feasible contracts by requiring that the total claims on money and
bonds at the depositor’s disposal is equal to the initial amount deposited.



With respect to the original arrangement, the deposit is closer to a debt-like
contract.

Under the optimal contract, a standard expansionary OMO has two op-
posite effects in equilibrium. On the one hand, a direct and negative con-
sequence on the consumption of bond users, qualitatively as in Williamson
(2012). On the other hand, an indirect and positive effect on the consumption
of money users, despite flexible prices. In the end, consumption inequality
shrinks and this ameliorates social welfare.

The expansionary channel of the bond purchase rests on the increase of
real money balances, that is the price level does not rise proportionally to
the supply of money, even if price are flexible. Where does this positive
effect on the demand for real balances come from? It comes from the bond
users: As bond users do not consume the efficient quantity anymore, bonds
are worth more to them, and since they need money to buy bonds, in turn
this increases the demand for money. In the end, money is valued not only
as medium of exchange but also as means of payment.

The debt-like contract burdens the bank with the problem of making an
efficient liquidity exchange for each type of depositor, and not just the prob-
lem of allocating assets where they are most valued in terms of consumption.
Now efficiency requires that money and bonds must have the same marginal
benefit in the depositor’s portfolio, although the overall returns can differ
across depositors.

In particular, the trade-off between money for consumption and bond for
saving of the money user is not trivial. The bank must evaluate, and equate,
the benefit from adding one unit of money to its account, and the cost of
reducing its saving by the same amount — as the new contract imposes. At
the margin, the cost of money is nothing but the interest rate on bonds.
As portfolio-choice phenomenon, a lower return on bond corresponds to a
lower opportunity cost of money; as general-equilibrium result, the marginal
benefit of money must decreases as well, something that is accomplished with
a higher monetary consumption. This link between the interest rate and the
purchasing power of money in the portfolio of the money user simply mirrors
the higher value of money as means of payment for bonds in the portfolio of
the constrained bond users.

The result that society is better off under a restriction of individual
chances is reminiscent of Kocherlakota (2003), where society benefits by re-
stricting the liquidity of bonds. The parallelism with that result holds at the
individual decision level. As any agent in that economy strictly prefers to be
the sole one with liquid bonds, so here if only one agent was allowed to choose
ex-ante between the two deposit contracts, while the rest of them tight at the
optimal contract, this agent would certainly opt for the Williamson (2012)’s
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arrangement.

The next section introduces the environment and explains the new deposit
contract. I describe the stationary equilibria and rank them according the
welfare measure in Section III. A brief summary and some comments are left
for Section IV.

2 The model

This section presents the baseline model of Williamson (2012) where fiscal
policy is passive, there are no costs associated with currency, and private lig-
uidity is absent. I work with the simplest environment because the generality
of the policy implications is not compromised.

More precisely, a nonpassive fiscal policy regime is aimed at capturing the
relationship in typical developed economies between the central bank and the
fiscal authority; the costs associated with currency make the Friedman rule
nonoptimal — and this assumption alone does not alter the welfare ranking of
the equilibria where bonds are essential; private liquidity is perfect substitute
for public bonds in terms of optimal policy.

The assumptions on fiscal policy and the costs of currency are rele-
vant here in one respect. When the social costs of currency exchange are
sufficiently high, a permanent purchase of bonds can be profitable also in
Williamson (2012), but the mechanism is different from mine and seems less
general®.

In Williamson (2012), money and interest-bearing assets, generically mod-
eled as bonds, have an essential role as medium of exchange. The former
payment instrument is interest free, like cash or some forms of deposits, and
can be used without restrictions. Bonds are partially liquid in the precise
sense that not every agent can use them to buy consumption. When agents
discover their payment technology, i.e. only money or money and bonds,
an atomistic banking sector provides an essential mechanism to reallocate
liquidity across depositors.

>0On one hand, and because of the fiscal deficit, the central bank cannot increase infla-
tion without rising permanently the proportion of money, which hurts the consumption of
bond users. On the other hand, the central bank is willing to tax with higher inflation the
undesirable consumption of some money users. Because of this trade-off, the equilibrium
with plentiful bonds is no longer feasible and the optimal interest rate, below the rate of
time preference, can be reached with a purchase of bonds.



2.1 The environment

Time is discrete and indexed by ¢ € N. The economy is populated two types
of infinitely-lived agents, namely seller and buyer. There is a [0, 1] continuum
of each type. In all periods a Walrasian (CM) and a frictional (DM) market
open sequentially.

In the CM, agents can produce one unit of a non-storable good using
one unit of labor, and they derive one unit of utility from its consumption.
Define X; the seller’s demand and H; the buyer’s supply on the market for
the CM good.

The DM is characterized by agents’ anonymity and random meetings. It
is assumed a measure one of meetings between a seller and a buyer, with the
latter making a take-it-or-leave-it offer to the former. The seller can produce
h; units of a non-storable good with a one-to-one labor-input technology.
The buyer can only demand x; units of the same good for consumption. The
buyer’s utility function u(z) fulfills v/(0) = oo, v”(z) < 0 < W/(z), u(z) = x
for some x > 0, and € = —xil,/((f)) < 1 for x > 0. Call z*, solving u'(x) = 1,
the efficient consumption.

The life-time utilities of sellers and buyers are, respectively,

Eo Y B'(Xi = hy),
t=0

where Ej is the expectation in ¢ = 0 and 8 € (0,1) is the discount factor.

The technological restriction on buyers determines a clear efficient dy-
namics for the economy. Sellers should produce for buyers in the DM, and
vice versa. The decentralized trade requires a medium of exchange because
anonymity and randomness only allow the trade to be quid pro quo. Indeed,
the seller will not accept buyer’s promise of future production — in the next
CM — because the buyer cannot be punished for reneging on his debt.

To this purpose, in the CM the government issues two outside assets, i.e.
money and nominal bond, which correspond to different payment technolo-
gies. Money is a tangible, perfectly divisible, and not counterfeitable object.
Bonds are accounting items in the balance-sheet of the government, which
is endowed with a record-keeping technology. After one period the bond is
redeemed with money, hence it is also risk free. The government supplies
bonds through an open market operations (OMO), defined as a swap of one
unit of money with one unit of bond. The nominal interest rate ¢ > 1 is
determined endogenously by the agents’ demand.



The government budget identity in period ¢ is
M+ By = My 1 + ¢Bi 1 + 1,

where M identifies the outstanding money after the OMO, B is the supply
of bonds, and 7" > 0 (< 0) is the lump-sum transfer (tax). On the RHS, the
private agents hold assets from ¢ — 1, i.e. money after bond redemption. The
total amount of money is then adjusted through the transfer®. On the LHS,
the total amount of money in period ¢ is then allocated between outstanding
money and bonds.

Then two instruments define the economic policy: the gross growth rate
of total assets,

M, + B,
He = ) (1)
My 1 + By
and the proportion of money to total assets,
M,
oy = — . 2
"7 M, + B, @)

To be sure, if ¢ > 1 then a unit of bond has a higher purchasing power
then a unit of interest-free money because the former guarantees more con-
sumption to the seller in the next CM. Evidently, without further restrictions
the only equilibrium interest rate is ¢ = 1 because any ¢ > 1 would generate
an infinite demand for bonds driving the interest rate down”.

Crucially, bonds are partially illiquid in the sense that they cannot be used
in a fraction p of the DM meetings, called nonmonitored. This information is
public. Here the seller does not have the technology to verify the real transfer
of bonds from the buyer’s account on his own and only accepts money. In
the complementary fraction of meetings, labeled monitored, bonds are liquid
because the seller can verify the electronic payment. The payment friction
creates a well-shaped demand for bonds.

The private agents enter the CM with heterogeneous amount of assets.
The linear production and utility functions eliminate any wealth effect from
asset holding. As result, the type-specific distribution of assets is degenerate
at the end of the CM.

On the one hand, sellers have no incentive to accumulate assets — and the
monetary economy is viable — as long as

¢t+1
o
6hlt:O7 My + By =Ty with T > 0.

"Here the government controls the supply of bonds. In principle, it could set the interest
rate and supply as many bonds as the public demands.

1
<71 < — (3)

B
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holds. In (3), ¢ is the price of money in terms of the CM good such that %

represents the real return on money, ;1 = % defines the real return
on bonds, and 37! is the gross rate of time preference. Condition (3) ensures
that sellers have no incentive to accumulate assets in the CM and establishes
a no-arbitrage condition on asset returns. The seller’s problem is solved in
appendix A.1.1.

On the other hand, buyers produce the CM good in order to accumulate
assets for the next DM. The buyer receives the private information on the
payment shock after the OMO when, in general, he holds money and bonds.
With probability p he is not going to use bonds and he would like to have
more money; with probability 1 — p he is going to use money and bonds, but
he would prefer more bonds whenever ¢ > 1. Hence, the payment friction
also creates a Pareto-improving role for asset reallocation.

Financial intermediation is provided by banks, institutions endowed with
record-keeping technology. A bank can be run by any individual, it forms
in the CM before the arrival of the information on the payment shock, and
dissolves in the CM of the next period. The market is subject to free entry.

The bank offers a deposit contract that maximizes the expected utility of
the buyers, which are ex-ante identical. The buyer deposits the CM goods
and the bank invests them in m; = ¢;M; units of money and a; = ¢;B; units
of bonds, in real terms®. Each buyer holds a total amount of m; + a, claims.
Importantly, the depositor can meet the bank before the DM meeting and
can withdraw money. By the law of large numbers, each bank will end up
with a proportion p of nonmonitored depositors®.

2.2 The new contract

The new contract allows the non-monitored depositor to save bonds. In
particular, I restrict the set of feasible contracts by imposing that the claims
the depositor is entitled of before DM transactions take place, is equal to the
initial amount deposited, i.e. m;+a;. The restriction makes the arrangement
more close to a debt contract than in Williamson (2012).

8The environment determines an equivalent outcome if buyers deposit the nominal
assets.

9Banks and bonds are coessential. Without bonds, reallocation is clearly not necessary.
Without the financial sector, welfare is maximized with a zero supply of bonds under the
sufficient condition that w/u"”" < (u'")?.

10The contract cannot involve the creation of liquidity within the bank as the latter is
not entitled of full commitment or enforcement power on its clients. It is only assumed
that in the CM “there is lack of recordkeeping, except for records of the ownership of
claims to accounts with financial intermediaries and the government” (W12, p.2574).



Concretely, if the bank decides to allocate m;, units of extra money to
the non-monitored depositor, then the latter keeps a; —m; ¢ claims on bonds.
The total amount of money, i.e. pm;,, corresponds to a reduction of plmth
units of money for each monitored depositor. At the same time, the bank
have to increase his claims on bonds by the same amount. In what follows
the time index for current period is suppressed and 41 have the intuitive
meaning.

Label zj, with k£ = n, m, the consumption quantity in the nonmonitored
and monitored meeting, respectively. The new equilibrium deposit contract
(m, a, my, a’) solves

max —m—a+p[u(z,) + s (@ —me)]+ (1= p) [u(m) + fraa] (4)

mza’ml’a/

subject to the offers

Ty = %(Wm—mg), (5)
P11 Py Py /
=522 (- ~d'), 6
x 5 m =, + priy a—i—l_p a (6)
and the constraints a > 0, '’ > 0, and

a — My Z 07 (7)

P
— > 0. 8
e 5)

Expressions (7) and (8) are resource constraints and implicitly ensure that
the buyers do not receive less than m + a. The constraint a + ﬁmg —a >0
is never binding because the monitored depositor has incentives to use at
least a marginal quantity of bonds in transaction. m > 0 can be derived by
glcig(l) u'(x) — oo for the nonmonitored depositor. Lastly, the monetary savings

in both meetings are normalized to zero''. The bank’s problem is derived in
appendix A.1.2

2.3 Interpretation of the contract

Before looking at the stationary equilibria, I discuss the main implication of
the debt contract. Let me anticipate that in steady state the value of total

1Once the depositors have withdrawn money, they have the incentive to save it if and
only if u = B, that is when z,, = x,, = z*. The bank has the incentive to save bonds if
and only if r = 871, or x,,, = 2*. In this case the monitored depositor can eventually save
money too. In all cases, the actual amount of savings is irrelevant for welfare.



assets is constant across periods, i.e. ¢(M + B) = ¢_1(M_1 + B_1), such
that the growth rate of total assets pins down the monetary inflation rate
from (1):

¢

— =L (9)
P41
In steady state also 1 = r.

Now consider the general case with bonds used in transaction. The first

order conditions of problem (4) for m and a are, respectively,

m: pgu; +(1—p) (gu;n + )\m) =1, (10)
a:p(Br+N\,)+(1—p)pru, =1. (11)

I have shortened u(xy) to ug. In (10), the LHS hosts the marginal benefit
of money. Money provides payment services in both meetings. For the
monitored depositors, money can have a higher marginal value as means of
payment for bonds whenever constraint (8) binds. A, is the associated Kuhn-
Tucker multiplier. In (11), the nonmonitored depositors must use bonds as
store of value and, potentially, also as means of payment for money. The
second role increases the marginal value of bonds whenever (7) is binding,
with A, the associated multiplier. Clearly, bonds buy consumption in the
monitored meetings.

On both RHSs, the marginal cost of investing in money and bonds in the
CM is 1. Therefore the marginal returns of assets across meetings must be
the same:

P+ (1= (Sum ; Am) —pBr A+ (L= p) el (12)

At the same time, the FOC with respect to my, after some trivial algebra,
reads

éu’n + Brul, = Br+ N\, + =ul, + A, (13)
7 7

The interpretation of condition (13) is crucial. It simply states that the
marginl benefit of the liquidity exchange in terms of consumption, on the
LHS, must equate the marginal cost. The RHS hosts the opportunity costs of
bond and money for the nonmonitored and monitored depositor, respectively.
Not surprisingly, a trade is efficient when benefit and cost equate at the
margin.

The combination of (12) and (13) produces

Bru., = gu;n + A (14)

10



and — if and only if -

gu’n = fr + \,. (15)

For the monitored depositor, in (14), the bank compares (and equates) the
marginal value of bonds with its cost, that is the marginal value of money.
For the non-monitored depositor, in (15), the bank considers the marginal

benefit of money and its cost, the cost being anything else other than the
marginal return from bond saving.

Here is the implication.
The next section describes the equilibria, their associated welfare, and
determine the optimal policy.

3 Equilibria and welfare

In this section I present the equilibria and rank them according to the mea-
sure of social welfare:

W=plu(z,) — x|+ (1 —p)[u(xm,) — ). (16)

This measure corresponds to the trade surplus in the DM because the sur-
pluses of buyers and sellers in the CM offset each others. Moreover, (16)
entirely refers to the buyers’ surplus as they have all the bargaining power.

For what follows, define from (2) the relative supply of bonds issued by
the government in terms of the numeraire:

(1), -

Definition 1. Given the policy parameters p and 9, a stationary monetary
equilibrium solves (4) subject to (5)-(8), a > 0, and o’ > 0. It also satisfies
(3), (9), and (17). The equilibrium characterizes x, and ,,.

I select monetary equilibria, i.e. with ¢ > 0. Clearly, the equilibrium also
defines a value for the endogenous interest rate. The model produces five
types of equilibria.

3.1 Equilibria
Friedman rule

When the return on money satisfies %L = %, consumption is efficient in both
meetings, i.e. xy = x*, and bonds are not essential, i.e. § € (0,1].

11



With no other frictions, the equilibria where ;% < % — at least the trade with
currency is not efficient — are dominated by the Friedman rule equilibrium
and are not interesting. In that respect, W12 assumes that some monetary
trades are a wasteful of resources from the society’s point of view!?. This
assumptions makes z, = z* and g = 8 no longer optimal. The advantage
of this approach is that it does not affect the individual allocations but only
the welfare hierarchy of the equilibria. This consequence holds here, without
adding anything. As result, only the following equilibria with p > 3 will be
considered for the welfare analysis.

Liquidity trap
Exactly as in W12, if the supply of bonds is relatively scarce, that is

{n>pB,6>p},

then bonds are not essential, i.e. ¢ = ru = 1, and allocations are symmetric
and solve

g,

—u

L

On the RHS, the marginal cost of money (or bonds) in real terms. On the
LHS, the marginal benefit in terms of consumption in the DM. Call z < z*
the quantity that solves (18) when p > B'3. The social welfare is simply
u(z) — .

(z) = 1. (18)

The banks do not require any compensation for holding the scarce supply
of bonds, i.e. r = 1 < 4. Because of the scarcity of bonds, (i) the bank
can transform the entire portfolio of the nonmonitored depositor in claims
on money and (ii) the liquidity constraint of the buyer is binding, i.e. m; = a

in (7). Thus, using the definition of a from (17), its offer (5) reads

Ty = é(m—Hng) = g(m—i-a) = g%

At the same time, the bank allocates the supply of bonds to the monitored
depositors. Since money is abundant, the buyers may maintain also currency,
i.e. (8) is not binding. Because the trade is not efficient, savings are zero

12To be precise, the welfare in (16) becomes p [(1 — v)u(xy) — zn]+ (1= p) [w(@m) — Tm],
where a portion v of monetary trades requires seller’s production with no socially valuable
utility.

13Expression (18) holds in the Friedman rule equilibrium with p = f3.
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(a’ = 0) and the offer reads

;,;mzé(m_w)ﬂ(ﬁw):é@
I l—p) n 1—p w0

In this equilibrium, money does not provide liquidity services to the mon-
itored depositor, A,, = 0 in (14), while bonds provide liquidity services to
the nonmonitored depositor, and A, > 0 in (15).

Plentiful bonds

This equilibrium emerges when the supply of bonds is very abundant. The
parameter configuration is

{M>575§51}a
1

where 0; < p. Bonds pay the highest admitted rate, i.e. r = 3 or equiva-
lently ¢ = 4. Consumption in the nonmonitored meeting solves (18), while
the efficient return on bonds allows the monitored depositors to maximize
trade surplus, i.e. =, = T < x,, = v*'*. Hence, the welfare is higher than in
the Liquidity trap.

Here the supply of bonds is so abundant that banks require the highest
compensation in order to hold it. Money is very scarce such that its supply
can be transferred entirely to the nonmonitored depositors while they still
holding some bonds, i.e. m + m;, = % and a > my. Symmetrically, the
portfolio of monitored depositors is entirely in bonds. The offers read
:é@<xm:@—a’:x*.

wp 0

As the Liquidity trap, also the Plentiful bonds equilibrium exists in W12,
but with one difference: the threshold in the original contribution, call it dp,
is higher than mine. This means that for a given supply 6 € (d;,0p], W12’s

banks require r = % as compensation for partial liquidity, while banks here

Tn

demand bonds at r < % — as we will see in the next equilibrium. In other
words, given the interest rate, the new arrangement increases the demand
for bonds.

4 Allowing for private liquidity within the bank, this allocation would emerge for any
0 (0,1]. Indeed, assume bank’s full commitment. The banker can create efficient IOUs —
that pay 7 = 87! — in electronic form and backed by its production, eventually redeemed to
the monitored seller in the next CM. Or assume bank’s enforcement power. The monitored
depositors could simply make credible promises to the sellers. In both cases, x,, = z*
irrespective of the quantity of government bonds, and money could be entirely allocated to
the nonmonitored depositors. Interestingly, this allocation is not the first-best equilibrium
away from the Friedman rule

13



Adequate bonds

The Adequate bonds equilibrium is determined by

{u>ﬁ,(5[<(5§p}.

1

3 B) )
sumptions in both meetings are not efficient and fulfill z < z, < z,, < x*.
Evidently, the welfare is higher than in the Liquidity trap, but it is not ob-
vious the comparison with the Plentiful bonds. For sure, this equilibrium

reduces consumption inequality.

The real interest rate p € [f with 7 > i, depends negatively on §. Con-

Precisely, the liquidity constraint of the nonmonitored depositor, (7), is
not binding such that (15) determines z,,

—u'(x,) = Pr < L. (19)

In (19), the marginal utility of money equates the opportunity cost of money,
i.e. the interest rate on bonds. In other words, money and bonds must have
the same marginal return. The inequality puts clear that with r < %, this
equilibrium has higher monetary consumption than the Liquidity trap and
the Plentiful bonds equilibrium. Condition (11) determines x,,,

1—pBr
W (T) = P 20)
( (1—=p)pr (
Still, the amount of money is relatively scarce and (8) binds, i.e. m = 274,
Hence, with a’ = 0 the offers are

A

£<xnzéﬂ<$m:6rﬂ<x*. (21)
[ p

Importantly, the real interest rate and the value of money are negatively
correlated. Indeed, the value of money supply, in the hands of nonmonitored
depositors, is determined in (19):

o (22 (2

This equation is the main difference between W12’s and my contract. Here
as in W12, money delivers higher marginal consumption in the nonmonitored
than monitored meetings. It is therefore efficient to allocate the supply of

14



money to the nonmonitored meetings. Equivalently, money provides liquid-
ity services for the monitored depositors, i.e. A, > 0 in (10).

Moreover, in W12 assets are allocated between depositors. The marginal cost
of this operation simply reflects the cost of money holding, i.e the inflation
rate. As consequence, the value of money in W12 solves (18) in any equilib-
rium, irrespective of the interest rate.

In contrast, here assets are exchanged because of the wealth constraint for
each depositor. In evaluating the reallocation of liquidity, the bank must
consider the trade-off between consumption and saving of the nonmoni-
tored depositors when changing its portfolio composition. Globally, a lower
marginal cost of providing additional money (a lower interest rate) decreases
the marginal utility of money (increases monetary consumption). Hence the
value of money supply solves (22) and, in this equilibrium, increases when
the interest rate falls.

It must be noted that the contract produces multiple equilibria for § = p,
in that both the Adequate bonds with » = 7 and the Liquidity trap with
r= i can emerge. The only difference between the two cases is the binding
constraint. If \,, > A, = 0, then the former; if A\, > A,, = 0, so the latter.
Indeed, the model allows for a continuum of multiple equilibria with both
multipliers greater than zero, a situation presented in the next and last case.
To be clear from now, multiplicity of equilibria is a standard feature of asset
pricing model in the presence of liquidity constraints. Basak et al. (2008)
explore the impact of one portfolio constraint on the general financial equi-
librium and find that it may generate additional and inefficient equilibria
other than the Pareto efficient.

Sufficient bonds

When the relative supplies of money and bonds reflect the measures of non-
monitored and monitored trades, respectively, such that

{u>p,0=p},

then the model gives rise to a multiplicity of equilibria. The ones with r €
{ﬁ, f} have already been analysed. In this case the equilibrium interest rate

ranges in (i, f) and each r determines a unique consumption profile.

Those equilibria may emerge with A,, > 0 in (14) — as in the Plentiful and
Adequate bonds — and A, > 0 in (15) — as in the Liquidity trap. The offers
can be derived by (21) with 6 = p. Using (14) in (10) (or (15) in (11)), the
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allocations solve

o (22 1= gy (02 = 1,
poo\ pp p

subject to 1 < u;, <w, <&, and uj, > pr.
In the appendix (A.2.2), Case 2.2.1, T show that the interest rate and the
value of money are jointly determined and positively correlated, such that
consumptions increase with the interest rate. Moreover, for r — 7 the allo-
cations converge to those in the Adequate bonds, hence the equilibria in the
Sufficient bonds case are strictly dominated.
The case 6 = p, and ¢ = [ur, 1], is interesting because the interest rate (q)
and the value of money (¢) satisfy different equilibria given the same fun-
damentals. The multiplicity is an issue when 7 maximizes welfare, as it can
happen.

The next part identifies the optimal policy.

3.2 Welfare

The analysis of the stationary equilibria has identified two parameter spaces
in which the authority can maximize the welfare, given p > . The candi-
dates are 0 < 07 and d; < 0 < p, that is the Plentiful bonds and the Adequate
bonds equilibrium, respectively. Alternatively, the government chooses be-
tween the Friedman rule on bonds, i.e. r = %, and a moderate interest rate,
ie. % < r < 7. The other types of equilibria are dominated.

The analysis so far can be summarized in the following way. In general,
the demand of bonds by banks increases with the interest rate as these assets
are risky, in the sense that they are partially illiquid. When the government
issues an abundant quantity, i.e. 6 < d;, banks clear the supply by requiring
r = % The monitored depositor can consume the efficient quantity z,, =
x*, and the return on savings of the nonmonitored depositor is the highest.
The trade-off between consumption and saving in the portfolio of the latter
depositor keeps low the value of money, which can afford x, = . Indeed,
(18), which defines Z, is nothing more than (19) with r = 1. The welfare of

B
this policy is defined by
Wep = p[u(z) — 7]+ (1 - p) [u(z®) — =7]. (23)

When the supply of bonds is adequate, i.e. d; < d < p, the market requires
a lower interest rate to hold the illiquidity risk. Compared to the previous
case, consumption in the monitored meeting, and saving in the nonmonitored
one, are no longer efficient. To act as a counterbalance, monetary trades are
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favored because the value of money must increase — as the general-equilibrium
outcome of liquidity reallocation. As result, consumptions inequality shrinks.
Defining 7 the equilibrium quantities solving (19) and (20), the welfare in
the Adequate bonds region is

Was = p [u(af) — o] + (1 - p) [ula) — 2] 21)
The first derivative of (24) with respect to r € (871, 7] reads

;o [ou(a) Ox Ou(xd) ox2
WAB_p[ oxd _1] Wdi—(l_p) [ ord _1] or

W) —1 w(ah)— 1

Sl )

Since 22 and z7} converge to z and z*, respectively, as r — %, then

u'(z) —1
lim W)z = < 0.
T—)% AB PH U”(f)
This limit proves that welfare in the Adequate region decreases as the interest
rate converges toward % In turn, this is sufficient to prove that the Plentiful
bonds is dominated by the Adequate bonds at least in a neighborhood of ;.
In other words, reducing consumption inequality increases the social welfare.

The next proposition details the optimal policy.

Proposition 1. Call 6* the policy that maximizes the welfare when p > (3,
1
57
policy 6* € (dr1,p]. Moreover, 0* # p for u sufficiently close to 5 and u
sufficiently high.

and r* the corresponding real interest rate. Thusr* € f] , with the optimal

Proof. In the appendix A.3. O]

The proposition says that the authority must never set the supply of
bonds so abundant to generate the highest return on bonds, because such a
policy exacerbates consumption inequality between monetary and interest-
bearing assets transactions. Social welfare is maximized in the Adequate
bonds equilibrium. When the inflation rate is very low, or sufficiently high,
the optimal policy satisfies 6 € (7, p).

For moderate inflation, it can be that welfare maximization requires r = 7,
corresponding to set 6 = p. However, in this case the policy generates addi-
tional Pareto-inefficient equilibria that cover all the possible welfare configu-
rations, from the highest with r = # to the lowest with » = 1. To be sure, an
allocation will also replicate the welfare in the Plentiful bonds equilibrium.
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In this environment an easy solution to the multiplicity of equilibria is
changing the policy instrument. The authority should set the interest rate
in the OMO instead of the quantity, that would be endogenously determined
by the private sector.

A brief summary and some final remarks are left for the conclusion.

4 Conclusion

Monetary policy is effective in the long run by changing the relative supply of
liquidity aggregates. Williamson (2012) shows that open-market operations
are non-neutral under flexible prices when interest-bearing assets are used as
medium of exchange in some trades. In particular, an OMO that increases
the relative supply of money is never optimal. The optimal policy is to retire
money until the real interest rate equals the rate of time preference, the
highest possible in a monetary economy.

In the same environment, but augmented with an efficient contract to
insurance agents against asset illiquidity, I find that OMOs are optimal also
in the other direction, namely the purchase of assets through injection of
money — what is usually defined as expansionary monetary policy.

Away from the Friedman rule, the equilibrium with plentiful high-yield
assets turns to be an inequality trap where real interest rate and consumption
inequality are extreme, and OMOs are irrelevant at the margin (trap). A
permanent injection of money, that helps the economy to escape from this
trap, increases the social welfare.

In this article the standard expansionary OMO works through a non-
standard channel. The money injection lowers the asset return and generates
a real-balance effect: although the supply of money increases, the demand
for money does by more. The scarcity of low-yield assets determines a higher
demand by financially sophisticated agents, i.e. those that can use the assets
in exchange. As money is necessary to buy additional assets from savers,
the means-of-payment function of money adds to the real value of the money
stock. With a lower interest rate, the purchasing power of money increases
and consumption inequality shrinks.

The real-balance effect which holds at the general equilibrium level, is
mirrored by the decentralized liquidity exchange at the bank level. In gen-
eral, efficient re-allocation of liquidity implies the equivalence between the
marginal values of assets in the portfolio of each individual. In terms of the
model, the equivalence of marginal returns must hold within each meeting
buyer/seller (ex-post) and not only across meetings (ex-ante).

The optimal combination of liquidity aggregates is influenced by the rate
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of price change. If inflation is sufficiently high or close to the Friedman rule,
the relative amount of money must be lower than the fraction of monetary
trades. For moderate values of inflation, the optimal interest rate can be
associated with a relative supply of money equal to the fraction of monetary
trades. This policy generates a compact set of multiple equilibria where the
nominal interest rate and the price level are together indeterminate.

When the optimal policy generates the multiplicity of equilibria, those
maps all the possible values of welfare. Since the nominal interest rate and
the price level are jointly determined, the central bank should set the former
in order to pin down one allocation. This multiplicity is a rationale for the
practice of central banks to control the interest rate instead of the nominal
aggregates in the New Monetarist approach.

The last comments are due to the role of financial intermediation. First,
in this environment the reallocation of liquidity is essential in a very general
sense: interest-bearing assets and banks are coessential. In other words, the
society is better off with zero interest-bearing assets if liquidity risk-sharing
is not possible. In this case the optimal policy by the central bank is to ac-
quire the entire supply of assets in exchange for money in order to maximize
welfare. Second, banks are endowed with recoordkeeping technology and
cannot create liquidity. But, interestingly, allowing for either full commit-
ment or enforcement power does not ameliorate welfare per se. With those
assumptions the society can at best replicate the equilibrium with plentiful
high-yield assets, but cannot reach the first best implied by the optimal con-
tract, as the latter can only be obtained when there is a link between the
purchasing power of money and the interest rate.
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A Appendix

A.1 Individual choices

The variable Yy, is chosen in the CM and Y,j; in the DM. ¢ = b, s refers to
buyer or seller type, k& = m,n refers to monitored and non-monitored type,
and ¢ is the time index. When k refers to the previous period it becomes k’.
I drop the time index for current periods using +1 with obvious meaning.
Call W(-,+) the value function in the CM and V' (-,-) = pV,,(-,")+ (1 —p)Viu(-,-)
the expected value function from the DM meetings, with money and bonds
holding as arguments. I start by solving the seller’s problem.

A.1.1 Seller

I maintain the superscript ¢ = b and drop ¢ = s to alleviate the notation.
The seller’s problem in the CM reads

W(M]g/771, B]/{/’il) = max Xk/ + V(Mk/, Bk’)

Xy, My, By
with the individual budget constraint

Xe + ¢(My + Bi) = ¢(Mys _y + By +7T).
Using the latter, the problem becomes

W(My By ) = ¢(Myy _+qByy _+T)+ max [¢(My+By)+V (M, Bi)]

M1 By

=@M}, 1 +qByy _, +T)+W(0,0). (A1)

The linear preference in the CM removes the wealth effect of assets and the
agent’s trading history. Therefore, M = My and B = Byj,. The choice of
initial holdings reduces to

rj\r}[aé(—¢(M+B) + V (M, B). (A.2)
In the CM the seller receives the shock and in the DM he decides whether

to accept or reject the buyer’s offer, and also decides about savings for the
next CM. Seller’s problem in the DM is

Vi(M,B) = max —hy+ Wi (M, B)) (A.3)
s.t. d)(M]; + q+1B§€) = kahk; + ¢<M + q+1B), <A4)
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in which ¢y, is the price (in terms of the numeraire) of the DM good in the
k-meeting. In case of rejection hy = 0 and Vi (M, B) = fW,1(M, B). At this
point we must consider the buyer’s offer.
The buyer makes the offer by considering his budget constraint and the
seller’s incentive constraint, that is
VE(Mp, By) = max u(xy) + SWY (M, BY)
Mb,BY

T, Vg, D,

st ey + oMY + qBY) = ¢(M + q1BY),

— hy + W1 (M}, By) > W1 (M, B). (A.5)
The TIOLI offer implies that (A.5) holds as equality, that is
hie = BIW31(My, By) = Wit (M, B)). (A.6)

Using (A.1) one period ahead in (A.6), and noting that the seller’s asset
holding also depends on the buyer’s offer, i.e. M, = M + M} — M,S" and
B, = B+ BY — BY, we can write

hi = Boa[MP — MY + g1 (BY — BY)]. (A.7)

From A.7 and (A.4), the price of the DM consumption in both meetings is
O = %;1 We can substitute A.6 in problem (A.3) and get

‘/}C(M, B) = BW—H(M’ B) = B¢+1<M + q+1B + T+1> + BW_H(O, 0) (AS)

Now the DM value function is independent by the type of meeting. Using
(A.8), the initial problem (A.2) reduces to

max {(=¢+ Bo1)M + (=¢ + BPy1q41) B} + B o1 T + Wia(0,0)] .

The seller’s problem has finite solutions if —¢p+£¢1 < 0 and —p+ G191 <
0, that is condition (3). When sellers do not value assets more than consump-
tion, then buyers can be accumulate liquidity and the monetary economy is
viable.

When the subjective return on money (bond) is zero, we take M = 0
(B = 0) among the solutions M > 0 (B > 0). This is without loss of gen-
erality because savings of the asset with efficient return do not affect real
quantities. Thus sellers’” asset holding can be normalized to zero without loss
of generality. Moreover, given the contemporaneity of choices implied by the
Walrsian auctioneer, assuming 7' = 0 for the seller is without consequence
for the analysis of social welfare, as T only affects buyers’ welfare in the CM
by the same amount.

At the end of the game the economic problem is that of buyers, which
holds the entire stock of assets at the end of the CM.
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A.1.2 Buyer/bank

The buyer’s problem is partially solved by the bank. In the DM, the buyer
maximizes his utility given the assets provided by the bank. In the CM, the
bank decides the asset holdings given the exogenous measure p and the opti-
mal DM choices of the buyers. Because of the continuous measure of banks
and buyers, it is possible to reduce notation and useless complexity. We can
think of the bank’s problem in the CM as a buyer’s problem facing uncer-
tainty p, given the optimal DM choices provided by the bank’s reallocation.
From a mathematical point of view, the problems coincide.

I drop the superscript @ = b. m = ¢M and a = ¢B define the real value
of nominal holdings. The buyer’s problem in the CM reads

W(mp 1, ap )= max —Hy+V(my,ap)

k! s Qs
with the individual budget constraint

¢
—Hiy +my +ay = ¢—( w1+ qa )+,
-1
where 7 is the real value of transfer (> 0) or tax (< 0). Using the latter
expression, the CM problem becomes

W(m;c’,—lva;c’,—l): %( ;c’,—l +qa;c',—1)+7'+mr3aaxk/ =y —aw +V (myy, ar)]
_ (bi( gl )+ T+ W(0,0). (A.9)
-1

The linear preference in the CM removes the assets’ wealth effect and the
agent’s trading history. Therefore current choices do not depend on past
history, i.e. m = my and a = ay. The choice of initial holdings reduces to
max —m — a + V(m,a). (A.10)

At the end of the CM the buyer deposit m + a, then he receives the shock
and the bank allocates funds. The new amount of assets id my + a;. The
contribution of the paper is to constrain the contract with my + ap = m + a.
After reallocation, in the meeting the buyers can decide savings m), and aj.
The payment friction implies a,, = a,.

The value function in the specific meeting is, using (A.9) one period
ahead,

Vie(mu, ag) = u(xy) + BWii(my, ay,) (A.11)
=u(zy) + B <%m; +rya; + T) + SW11(0,0). (A.12)
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At the end of the CM, the buyer receives the shock, meets th bank, then
enters the meeting with the seller and makes the offer. The offers in (A.7),
without the superscript b, are in the nonmonitored and monitored meeting,
respectively:

Ty = %(mn —m,), (A.13)
T = % (M, — M)+ Briq (am —al,) . (A.14)

In other words, the buyer decides about savings. Following W12, I show that
it is possible to generalize m;), = 0.
The non-monitored buyer solves

max u (v,) + (%m'n + rHan) (A.15)
subject to (A.13) and m/, > 0. The FOC is
- 8% () + 52 01 =0, (A16)

with 6; the Kuhn-Tucker multiplier for m/, > 0. Because «/(0) = oo, then
my, —m,, > 0 and also m > 0. Hence either u/(z,) = 1 & 6; = 0, with
x, =a* and m), >0, or v'(x,) > 1< 0; >0, with z, < 2* and m], = 0.
The monitored buyer solves

s o)+ (S50, 4, ) (A17)
subject to (A.14), 0 < m! < m,,, and 0 < a/, < a,,. The FOC for monetary
saving is

with 6ym! = 0 and 03(m,, — m)) = 0. In this case: either u'(z,,) >

1< 60 >0;>0=m, =0 oruz,) =1« 0, =03 and either
92:93:0:>m;n200r92:63>02>m;n: .

We are close to simplify the problem as in (4). After having proved m > 0
and generalized mj, = 0, we only have to define my and a in terms of the
initial holdings m + a and the bank’s reallocation. Concretely, if the bank
decides to allocate my, units of extra money to the non-monitored depositor,
then the latter keeps a—my claims on bonds. The total amount of reallocated
money, i.e. pmy, corresponds to a reduction of £7¢ units of money for each
monitored depositor. At the same time, the bank have to increase his claims
on bonds by the same amount, i.e. a, = a + ’I’Tmf). Hence, problem (4).
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A.2 Equilibria

We solve the system for steady-state monetary equilibria, where ¢ > 0. In
steady state the value of assets is constant across periods, i.e. ¢p(M + B) =
¢_1(M_; + B_1) and, from (1), the growth rate of total assets determines

the inflation rate:
_ 9

¢

The deposit contract in steady state (m, a, my, a’) solves

max —m—a+plu(z,)+ Br(a—me)|+(1—p)lu(z,) + prd] (A.19)

m,a,mg,a’

subject to the offers

v0 =2 mtmi), (A.20)
I

T = p (m — ng) + Br (a + ng - a') , (A.21)

It IL—p L—p

and the Kuhn-Tucker constraints
fa = 0, (A.22)
A1 (a—my) =0, (A.23)
p

- = A24
A2 (m - pmg) : ( )
A3 (a + %mg — a’) =0, (A25)
Ma’ = 0. (A.26)

Expression (A.22) applies at bank’s level, (A.23) at the nonmonitored
depositor’s level, the remainders are for the monitored buyer. (A.23) and
(A.24) are resource constraints and implicitly ensure that the buyers do not
receive less than m + a'®.

15Both resource constraints are important. In general, call Q a mass ¢ > 0 of agents
endowed with x > 0 and y > 0 goods each; call P a mass p > 0 endowed with the same
amounts; consider the social planner’s problem to transfer Az > 0 to each agent in @ by
reducing his amount of y by Ay > 0 under the constraint that Az = Ay, i.e. no individual
resource reduction occurs or the relative price is 1. To this end, each P’s agent must give
up —%Am of goods z in exchange for %Ax of goods y. The resource constraints require
T— %Ax > 0 and y— Ax > 0, and are not equivalent. Indeed, for instance, y — Az < 0 and

z— 1Az > 0 does not violate neither > 0 nor y > 0, but only imply > 1Az > 1y > 0.
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The FOCs at lenght are

m: =1+ pBu~ ul, + (1= p) (B, + A2) =0, (A.27)

a:=1+0+p(Br+X )+ (1—p) (Bru, + ;) =0, (A.28)
m :p (ﬁp_lu; — Br — /\1) + —(11__2/) [5 (T — M_l) u, — Ay + )\3} =0,

(A.29)

a =Pru(zy,) + Br— A3+ XA =0. (A.30)

The first set of equilibria involves the cases with no bonds, i.e. § = 1. The
equilibria satisfy 8 > 0. The second set concerns equilibria with a positive
supply of bonds, i.e. § < 1 and 0 = 0.

In general, consider that

Brm

0=
T — Ty — B (pr — p=t) 25 + Bra’ + frm

(A.31)

from (A.20), (A.21), and (17).

A21 i=1.

With only money in the economy, consumption is identical in both meetings
and it is determined by the inflation process. If the return on money is
efficient, i.e. u = 3, then x; = z* otherwise xy < z*.

If 6 =1, then a = a’ = 0. Absent bonds, it must be m;, = 0 and =), = gm.
Also Ay = 0. The FOCs (A.28)-(A.30) became

a:—=1+0+p(Br+X )+ (1—p)(ur+As3) =0,
me:r(n—PF) =X\ — s,
a:r(p—08)=X\— A3
Hence Ay = Ay from the last two equations. Using A3 = A\ + (8 — u) from

the third FOC into the second, the latter reads 1 — fr = 6 + A;.
Consumption x, = T satisfies (A.27):

gu’(aﬁ) = 1.

Defining v(y) = v/~!(y) the function inverting the slope of the utility in the
correspondent consumption, then

#(u) = v (%) . (A.32)
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If p =, then 2, = v(1) = 2* with \;y = A3 =X \; > 0andr < 871 If u > 3,
then zp = v (7 u) < z* with A\ = Ay > r(p— ) > 0 and r < 571, Call

z=v(B"'u) when p > .
Lastly, note that the interest rate is irrelevant for the allocations and
0 > 0 is always a solution.

A22 (<1

Now we look at equilibria with bonds, i.e. a > 0 and § = 0. The simplified
FOCs are:

m: =1+ p[Bp ) + (1= p) [Bu"ur, + Xo] =0, (
a:—14p[Br+ M|+ (1—p)[Bru, + A3] =0, (A.34
me: [Bp Mg, — (Br 4+ M)] + [(Brul, + Xs) — (Be ', + X2)] =0, (
a :—Bru,, + Br — A3+ Ay = 0. (
First of all, I show that A3 = 0, then I proceed by cases.

Proof A3 = 0. Subtracting (A.34) from (A.33), we obtain
p (B, — (Br + M)] = (1= p) [(Brug, + As) — (B~ ur, + A2)] = 0.

A trivial comparison with (A.35) implies that the term in the second square
bracket must be zero:

5(7’—/1,71)’21,;1—/\24—)\3:0.

Of course, Su~tu!, = Br + A\, too. Assume A3 > 0: Ay = 0 means r < p~ !,
but » > p~! when a > 0 from (3); A\ > 0 is impossible because implies
Ty =0 from (A.24), (A.25), and (A.21). Hence A3 = 0.

The system (A.33)-(A.36) becomes

— 1+ pBu~uy, + (1= p) (Bu""uy, + A2) =0, (A.37)
B(r—n")u, =X =0, (A.38)
Bl — Br— A =0, (A.39)
— Brul, + Br + Xy = 0. (A.40)
Case 1: \y =0, or x,,, =x*. If \y =0, then v, =1 < z,, = z* from

(A.40), and o > 0 from (A.26). Using the expressions for Ay and fr from
(A.38) and (A.39), respectively, in (A.37), we obtain

Bu~tup, =1+ (1= p)Ai, (A.41)
which used in (A.39) returns
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Case 1.1: \; =0. We obtain a > my from (A.23), r = 87! from (A.42),
and x, = v (7 ') from (A.41). Moreover, (A.38) reads

Xo=1—pu"t>0.

Case 1.1.1: Friedman rule. If y = f, then z, = v(1) = z* and A\, = 0, or
m — t£-my 2 0 from (A.24). With the Friedman rule on money both buyers
consume the efficient quantity. No resource constraint is binding because the
proportion of assets does not matter, i.e. < 1. This case complements

1= when § = 1.

Case 1.1.2: Illiquidity trap, or Plentiful bonds case. If ;1 > 3, then
Ty, = T(p) < x* and Ay > 0, which implies m, = %m from (A.24). The
offers (A.20)-(A.21) read

pm
Ty =——=2(n) <z’ A.43
w (1) (A.43)
tm=a+m—d=——d=z". (A.44)

On the one hand, the supply of money is transferred to the nonmonitored
depositor, and in his meeting the value of money is determined. On the other
hand, the monitored depositor has his claims entirely in bonds, and equal to
m/d from (17). Since @’ > 0, then

~m Ex(p)
T ek T*

< p. (A.45)

The last inequality can be derived by 5§2(u) = Sv(5) < v(1) = 2”. Indeed,
1

yv(y) _
e

. 1"
le. e = —a% < 116,

= v+yv' is equivalent to x+u'(u”)~!, which is negative by assumption,

Case 1.2: )\; > 0, no equilibria. If \; > 0, then a = m, from (A.23),
r < 7! from (A.42), and

o = B |1+ 1_7”(1 e (A.46)

16TO SCRUTINIZE: If € = 1, then 6; = p. As the coefficient of relative risk aversion
increases, agents require higher compensation to hold bonds. With € = 1, the demand for
bonds of the agents is flat at r = % for any supply 0 < § < p. As ¢ is sufficiently high such

that §; ~ 1, agents demand bonds if only if r = L, such that the only equilibrium is the
Plentiful case. With W12’s contract this is good. Under the optimal contract this is not.
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from (A.41), with

I6] Bm
Tpn=—(m+a)=—— <z A 47
St )= 25 (A47)
Moreover, a = m, and (17) transform (A.24) in
p p(1—9)
_ - 1 — = A4
)\2(m - a) )\2{ =9 m =0, (A.48)

which implies § > p.

Case 1.2.1: A2 =0. If \; =0, then r = p=! < 7! from (A.38). Compar-
ing (A.47) and (A.21), remembering that r = ™!, we get

xn:§%<xm:§<m—a’>:$*,

which is not possible.

Case 1.2.2: Ay > 0. If Ay >0, then p' <r < 37! from (A.38) and § = p
from (A.48). The relation between (A.47) and (A.21) reads

mnzéﬂ<xmzﬁr<ﬂ—a'):x*.
pp p

Looking at the real value of money, the allocations in the nonmonitored and
monitored meetings require, respectively

(L v(l)
m_pﬂv(ﬁp p W)Zpﬁr'

Such an r € ( ) does not exist if

prv (5%) ! ; pur) < v(1).

11
w8

Indeed, it is possible to prove the above relations in two steps. First, con-
sider the limit for » — S~'. The LHS becomes B~ uv(87 1), lower than
v(1) because € < 1. Second, the LHS is increasing in r. The derivative reads
v + (L= p= ' = pfu’ + pr(l = p~ (") > 0.

This concludes Case 1 under 6 < 1. To sum up, when Ay = 0 and
a’ > 0, the equilibria involve x,,, = z* and r = 7. If 4 = 3, then z,, = z*
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with Ay = Ao = 0. If o > g and 0 < ¢y, then z, = Z(u) < z*, with
Ay > Ay = 0. In other words, the Friedman rule on money is compatible with
any supply of bonds because they are irrelevant. Out of the Friedman rule on
money, a sufficiently high supply of bonds can generate the highest interest
rate, i.e. the Friedman rule on bonds. In this last case, the resource-of-
money constraint of the monitored depositor binds, while the nonmonitored
depositor save bonds.

Case 2: Ay >0, or x,, <x*. If \y >0, then v, > 1 < z,, < z* from
(A.40), and o’ = 0 from (A.26). The system includes (17), (A.20)-(A.21),
(A.23)-(A.25), and (A.37)-(A.39).

Case 2.1: \; = 0. The resource-of-bond constraint of the nonmonitored
buyer is not bonding, i.e. a > my, from (A.23). Moreover, from (A.39), the
marginal utility of nonmonitored consumption is determined by the nominal
interest rate:

ul, = pr. (A.49)
This expression used in (A.37) defines
/ 1 - pﬂr
_ A.50
(1= p)Br (4.50)

1

which is bigger than 1 iff r < 3

Case 2.1.1: Ay =0, no equilibria. With \y =0, m > ’I’Tm; from (A.24),
r =1 from (A.38), and v/, = 1 & x,, = z* from (A.49). The offers give rise
to the following inequality:

B

xnz—mﬂwwﬁaf>xm=§W%HO©Ww>w
7 [

The second inequality is infeasible.

Case 2.1.2: )\ > 0, Adequate bonds. With A\, > 0, my, = %m from
(A.24), r > i from (A.38), and u), > 1 < x, < z* from (A.49). Given (17),

then a > my, implies 0 < p. Hence

=o(ur) < T, = /Br% =0 {1_—W} <z’ (A.51)

(1—p)Br

_Bm

Ty =
Hp
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From the above expression, by equating the real value of money,

o _ prv(pr) o pBtu(ppY) N
A = R R

The first equality determines the equilibrium interest rate given 6 < p and
p > . The inequality narrow the domain of ¢ to (07, p]. The equilibrium
exists for r > 7, where u=! <7 < 71

Let’s study the fraction as function of r € (p=*, ~!). The numerator
decreases from v(1) to uS~ v(uB™1), both not included, because € < 1. The
denominator increases up to v(1), not included, because the derivative is
ﬁ > 0. Hence, § uniquely determines 7 and it must exist 7 € (u=1, 371)
such that (A.52) holds when § = p; if 6 < p, then r > 7; for 6 — d;, of course
r— % To be exhaustive, the inequality in (A.52) is implied by r < 37! plus
the numerator decreasing and the denominator increasing in r € (u=!, 71).

Case 2.2: A\ > 0. The resource-of-bond constraint of the nonmonitored
buyer is bonding, i.e. a = my, from (A.23). (A.20) reads

Tn, ;ga

(A.53)
with

upy > pr e x, < v(ur) (A.54)
from (A.39).

Case 2.2.1: Ay > 0, multiple equilibria. If Ay > 0, r > i from (A.38)
and 0 = p from (A.24). The offers fulfill

m
Tp=—— < Ty =0r— <z’
fp

which correspond to (A.51) and produces

= M (A.55)

T

which resembles (A.52), with § = p. Using the value of Ay from (A.38), and
solving for u},, condition (A.37) reads:

, _ 1=pButu, 1-—pBr L —ppr
T =) T -p) xm”[u—p)]' (4.56)
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Now remember the definition of 7 as the interest rate that solves (A.52) when
d =p,and r > 7 if § < p — the fraction in (A.52) is decreasing with r. Then
we can show that conditions (A.54)-(A.56) are not compatible with r > 7:

mﬁv(mi) 1= UT T, < pro(pur) 7 (A.57)
= ] =2
(1—p)p? (1=p)pr

where the last inequality is impossible. Hence the domain of the interest rate
can be narrowed to r € (i, f’) The interest rate is determined jointly with
m from condition (A.37):

péu’ (B_m) + (1 — p)Bru (ﬁr@) =1.
poo\ pp p

Partial differentiation according to r and m returns

or 1 pBuuy + (1 - p)Briuy,

_— = — 0 A58
om = B (A=p ) " (A.58)

and implies a unique m € <p§v <%> ,p,urv(,ur)). This means that x,, x,,,
r, and m are all positively correlated. Equivalently, there is a unique z,, €

~

(f’ U('UT)) and a unique T = 57“1771 for each r € (i’ 7">'

Case 2.2.2: )y =0, Liquidity trap. If \y >0, r = i from (A.38) and
d > p from (A.24). Hence the monitored offer in (A.21) becomes identical
to the nonmonitored offer in (A.53), resulting in z,, = z,,. Consumption is
determined in (A.37) and corresponds to Z(u) in (A.32).

A.3 Welfare

The welfare is decreasing for r — [ evaluate (25) in r = 7. To this

1

1
3.
purpose, manipulate (25) using € = —r%:

u(w,) =1 w'(wn) —1
u”(xn) Br2u (z,,)

PUTy, 1 T 1
: < +ua> W&f( +u'm)’

then substitute the values of ) from (19) and (20):

PUT, 1 Tm [ Pr—1
Wip = —14+—) - ;
e ( i W) Bre (1 - pﬁ?‘)
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from (21) it is true that z,, = §ura,:
PUT 1 1 ([ pr—1
Whg = —r+ === ;
AB er [ r+u 0B (1—pﬁfr

note that ¢ varies with r; finally, evaluating the derivative in 7 allows to use
0 = p, and after some algebra:

() = 2t [8L PR BEL]
Ber | p (1 —pBF)p
If the term in square brackets is lower than or equal zero, then 7 maximizes
the social welfare.
In the second fraction, the denominator is positive while the numerator

depends. Define z; the solution of the equation associated with the numerator

with variable g7: when % < %, the numerator is positive if 7 € (%, %) and
negative if 7 € (%, %), when i € [%1, %), the numerator is negative because

< l% < #17. 21 is only function of p.
Two results can be stated, by also consider that  depends negatively on p
from (A.52)'8.

First, suppose © — oo so that # — % — 0. The derivative turns to be

positive, precisely W/, 5(7) — oo, which means that the optimal interest rate
Y
is sufficiently high such that % <r < %

Second, I study the welfare for p sufficiently close to 8. In this case the
sign of the term in square brackets is ambiguous. Note that when pu — £,
also 7 — % and W/ 5(7) — 0. In general, the derivative of term in the square
brackets w.r.t. u reads

belongs to (7, = ), associated to d € (07, p). In general, this happens when p

B =B +2p°6F —1 ,0F

- + — ,
p? (1 —pBr)2p op
and in the limit for © — [ it becomes
1 —p3+2p7 -1 z* (1-1)
i 30 9,2 . 1 " E* | <0
e =0 +2p2 —p ar(1—-1) + [u(z*)(1 - p)]

1"The roots of the numerator, for z = 7, are 219 = % [%}” + \/A}, where 0 < z; <

1<z and A= (1+p)®/(2p)*>—1> 0. Hence the numerator is negative for 87 € (z1,1).

18Using partial differentiation of (A.52) in § = p, and remembering that v(-) = u/~1(-):
oF _ P [u(p?) + piv’ ()] _ Pan (1-2) “0
o N '

. . . o' [ ALl _1 "m(1 _ p21—1
wlo(pr) + pro’ (uf)] + % pn (1= 2) + [u, (1 — p)Bi?]
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because the second term is the product of two positive numbers lower than
1.

Here is the conclusion for p close to . In the limit for  — S the derivative
of the welfare function in 7 is zero, but this value is decreasing, meaning that
it must have a positive value in a neighborhood of 5. Hence, for values of
i close to (8, the derivative of the welfare function in 7 is positive. In turn,

this implies that the optimal interest rate belongs to (f L) associated to

"B
o€ (5],p)

For intermediate values of p, the relation between p and 7 complicates
the analysis. In particular, the first term in the square brackets of (A.59)
is positive and monotonically decreasing in p € [3,00) from 1 to 0, while
the second term is monotonically increasing from —1 to p~!. It cannot be
excluded that W/, 5(7) < 0 for some p. In this case, the optimal interest rate
is 7 associated to d = r.
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