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Abstract

Emerging economies can experience periods of rapid growth and
large capital inflows, followed by sudden stops in their borrowing ability
and consequent default. Recoveries are characterized by lower growth
rates and often reversed balance of payments. This pattern is difficult
to explain in standard models of debt sustainability with temporary
shocks to the productivity. I construct a growth model of small open
economy where the simple presence of decreasing marginal returns
to capital can generate a default event along the path of economic
development. Default entails output costs and temporary autarky.
The economy features two stages of growth. The first is character-
ized by constant marginal returns to capital, while in the second stage
marginal returns are decreasing and the economy eventually converges
to a steady state. The transition between the two stages is stochastic.
In both stages I derive endogenous borrowing limits. A sharp reduction
in the level of sustainable debt can occur at the turning point between
the two stages. An economy with initially high productivity of capital
grows very fast, accumulates a large stock of debt, and defaults at the
turning point. An economy with initially lower productivity grows at
a slower rate and moves to the second stage without default. High
growth, high risk and a volatile path for output can then be linked to-
gether. I show that debt can be sustained by reputation for repayment
in equilibria where the evolution of the debt has bubble-like character-
istics. Permanent reversals in the balance of payment can take place
after a default event.
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Figure 1: Growth Rates Selected Asian Countries

1 Introduction

This paper analyses the relation between growth and financial crises, here
defined as situations where a country defaults on its international debt and,
as a consequence, experiences a period of economic distress. As pointed out
by Lucas (1990) in his seminal work, theory suggests that, in a world with-
out barriers to international capital movements, capital should flow from
developed to developing countries, in order to take advantage of the higher
returns that there can be gained. This line of reasoning is based on the
assumption that a country is poor because its endowment of capital, rel-
atively to that of other fixed factors, is small. As the economy develops,
the marginal return of capital decreases, the capital flow reverses sign since
the country starts to pay back its debt with the rest of the world (Barro
et al. [1995]). However, both the empirical observation (Lucas [1990]) and
the theoretical analysis (Bulow and Rogoff [1989]), emphasize that this type
of path for the capital flow is all but granted. Bulow and Rogoff (1989),
in particular, show that limited enforceability on debt contracts can play
a significant role in the ability of a country to borrow from the rest of the
world.

On the empirical side, Ranciere, Tornell and Westermann (2005) point out
that we do observe large capital flows from developed to developing coun-
tries, but we also observe financial crises and sudden reversals in the balance
of payments. Developing economies that have very large growth rates seem
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Figure 2: Current Account Selected Asian Countries

also to be more exposed to financial crises.

A striking example of this situation is the case of the Asian crisis of the
late ’90s, which is considered one of the deepest financial crises of the past
20 years. Figure 1 shows the GDP growth rate for four Asian countries in
the years 1987-2007. The year of the crises is clearly marked by a fall of
the GDP of about 10% in most of the countries. Foreign capital inflows,
shown in Figure 2, that had helped fueling the growth in the first half of the
decade, stopped. The year 1998 marks also a permanent shift in the pat-
tern of growth, which was on average 8.1% in the pre-crises years, and 5%
thereafter. A similar pattern is followed by the investment rate presented in
Figure 3. Such pre- and post- crisis paths are not specific to the experience
of the emerging Asian economies. As Lee and Rhee (2000) and Ranciere,
Tornell and Westermann (2005) show, the same regularities are confirmed
in a wider sample of countries that have experience financial crises.

The goal of this paper is to explore the relation between growth, debt sus-
tainability and default events. Much of the exiting literature (see for instance
Arellano [2008]) have studied country defaults in stationary economies, open
to international capital flows, in a context of limited contract enforceability
and stochastic shocks affecting output.

The presence of a stochastic environment is a necessary requirement when-
ever we want to study economies that, in equilibrium, are subject to default.
I therefore retain the assumption of a stochastic environment. Moreover, in
the spirit of Solow (1954), I assume that the existence of decreasing marginal
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Figure 3: Investment-GDP Ratios Selected Asian Countries

returns to capital eventually lead the growth process of a country to a steady
state. However, as a novel element, I place the uncertainty on the time that
it takes for the country to converge to such a steady state. In particular,
the growth path of the country will feature two stages: in the first stage,
marginal returns to capital are constant, while in the second stage they are
strictly decreasing over time. The “turning point”, that is the moment when
the economy transitions from stage one to stage two, is uncertain. The un-
certainty is determined both by some, exogenously given, fundamental and
by the speed at which the economy grows during stage one: the faster the
growth rate during this stage, the higher the probability that, at each point
in time, decreasing marginal returns appear and the economy moves to the
second stage of growth. Uncertainty on the fundamental makes also un-
certain the level of the steady state GDP, which can be seen as a form of
conditional convergence of the growth process.

The country as access to an international financial market. Agents in
the economy can choose to default on their debt obligations, and the pun-
ishment for default is stochastic autarky during which there is a reduction
in productivity. The possibility of default imposes an endogenous constraint
on the borrowing ability of the agents. I will show that two paths of devel-
opment are possible for the country. If the endogenous borrowing limit is
sufficiently loose during the first stage of growth the country experiences a
large capital inflow (credit boom) which fuels high growth and investment
rates. However, when decreasing marginal returns start to appear, the en-



dogenous borrowing limit is sharply reduced and the country experiences
a sudden stop in the capital inflow. The consequent credit crunch perma-
nently reduces the growth rate and forces the economy to the default. If the
credit crunch is sufficiently strong, the balanced of payment is reversed.

The second possibility is that the the endogenous borrowing limit is
very tight during the first stage of growth. The lower availability of credit
reduces the growth rate of the economy. However, at the turning point,
there is no credit crunch, the economy does not default and moves smoothly
to its second stage of development.

The first type of growth path is followed by economies with initially very
high marginal product of capital or that face strong punishments for default.
Economies that develop with high growth rate are also more unstable.
Finally I show that high growth rates can be associated with equilibria where
the evolution of international debt resembles a bubble. For these economies
I show that, in the context of Bulow and Rogoff (1989), the existence of
bubble is strictly linked to debt sustainability.

The remaining of the paper is organized as follows. Section 2.1 presents
the problem of the household. Section 2.2 introduces the aggregate technol-
ogy and defines a general equilibrium for the model. Section 2.3 derives the
endogenous borrowing limits and characterizes the equilibrium. Section 2.4
shows the connection between bubbles, debt sustainability and dynamics of
the balanced of payments. Section 3 concludes.

2 The Model

2.1 Problem of the Household

A small country is inhabited by a unit measure of infinitely lived identical
households. Each household derives utility from a flow of consumption ¢,

whose value is -
E {/ eptu(ét)dt]
0

For analytical convenience I take u(-) = logé.

At any time ¢t > 0 households can issue an amount of debt by, bought by
competitive international investors, who are risk neutral and discount the
future at the constant rate p > 0. Households can operate a constant return
to scale technology which employs two inputs: capital k; and a composite
input h;. To use an amount h; of the composite input, the household has
to pay a total cost w¢h; and the price w; is taken as given. The technology
produces at time t a single good y; that can be used for consumption ¢, for



investment Z; which increases the stock of physical capital, to pay for the
cost Wy hy, or for repaying the debt to international investors. The production
function for g is

y = Ak{hl
Capital is accumulated at the individual level according to the linear tech-
nology

ky = 6k + &4 (1)
At the end of the instantaneous production process, the net output to the
household is then

AkSRITY — phy (2)

The stock of debt evolves according to
b = 7¢(by, e )by + dy (3)

where Jt is the net new debt issued and Ft(i)t, k:) is the instantaneous interest
rate, which depends on both b; and k;. The function 7(-) is taken as given
by the household.

The household can choose to default on her debt obligations. Default entails
exclusion (autarky) from the financial market for a random length of time
7, which has an exponential distribution with mean %, 0 > 0. Default is
complete, so the household is readmitted to the financial market with a
level of outstanding debt equal to zero '. During the periods of exclusion,
the household suffers a cost which reduces the net output to

E[ART Ry —wihy] €€ (0,1) (4)
The household faces at each time ¢ a borrowing constraint
ZN)t S Thtkt (5)

I call m; the bound to the maximum leverage ratio that the household
can attain. The evolution of the leverage bound m; is exogenous to the
household’s choice.

There is one element of aggregate uncertainty in the economy. In fact, at
a stochastic moment ¢, the economy is hit by a shock that I call “turning
point”. The shock, with arrival rate 7y, has a permanent effect on the price
Wy, on the leverage bound my, and 7

w(t, 1) = wo m(t, 1) = mo F(b, k,t, 1) =r
T t T

b, k) t<t
Gt D) =wt —1) mt,) =mt -7 t

—t) t>t

1The model where I allow for the possibility of partial default is presented at the end
of Section 2.4.



For some functions ro(-), w(-), m(-), r(-) continuous in ¢ — ¢ and constants
wo and mg. I assume that, for 7 > 0,

mo < M
m(r) < M

Notice that the path of leverage bound m; could be discontinuous and have
a downwards jump at the turning point. The leverage bounds are smaller
than a constant 0 < M < 1 arbitrarily close to one, and wy > 0. To gain
some intuition for the model, we can think of w(7) as an increasing function,
so that, after the turning point, the cost w; of the input h; keeps rising. As
we will see, this creates a situation where the marginal product of capital
falls over time. On the contrary, prior to the turning point, the cost w;, the
leverage bound and the interest rate function are constant. In particular,
since Wy = wy, the marginal product of capital is also constant. The vari-
able mp and the path of w; and m; are endogenous to the model. However,
they are taken as given by the household. Hence, for the definition of the
household’s problem, we don’t need to explain now what are the general
equilibrium effects, presented in Section 2.2 through which they’re deter-
mined.

The household can choose, at each point in time, whether to default or to
repay her debt. We study this choice by considering two strategies: the
repayment and the default strategy. The analysis of these two strategies al-
lows us to derive endogenous leverage bounds mg and m(7), which represent
the maximum level of debt, relative to the capital stock, that the household
can credibly commit to repay. The repayment strategy is constructed by
having the household repay the debt at any moment, with the exception
that default takes place at the arrival of the turning point if and only if
b; > m(0)k;. In this case, in fact, the leverage ratio of the household is
bigger than the maximum supportable leverage bound, and event which is
clearly possible only if my > m(0). The default strategy at any time ¢t is
constructed by having the household default at ¢ and then follow the re-
payment strategy after the household is readmitted to the financial market.
The default strategy is then a “one stage deviation” from the repayment
strategy. Given capital and debt stock, we obtain the values V and V¢ for,
respectively, the repayment and default strategy at any time ¢ + 7 after the
turning point, 2

217! is the partial derivative with respect to time that accounts for the change in w(r)
and (7). The total differential with respect to time is then & = V/k + V/b+ V/ — pV.
Similar comments hold for the other value functions.



pV (k,b,7) = maxu(¢) + Vik + Vblg + V! (6)
&,d,h

st. &= AR —w(t)hy +d — &
k=—0k+&
b= r(r)b+d
b<m(r)k
d < D(1)k
(p+0Vik, 1) = %afu(ad) + 0V (k,0,7) + V% + v/ (7)

st & = ¢ARRYTY —w(T)h] — &
k= —0k 4 24

The values V and V¢ from, respectively, the repayment and default strate-
gies before the turning point are

(p + m0)V (k,b) = maxu(é) + mV°(k,b) + Vik + V/'b 8)
z,d,h

AKORY —woh +d — &
6k + 7

s.t.

¢
i
b= rob+d

o o
IA

’ITL(]]{?

d < Dok

IN

(p+ 0+ mo)VI(k) = maxu(e?) + OV (k, 0) + mVI(k,0) + i’k (g)

#d,h

st @ = g(ARYRI — woh) — 4
k= —0k+ 37



The constraints, _ N
d < D(r)k, d< Dok, (10)

are needed for well defined problems by binding above the control variable

d. The value VO(k,b) at the turning point ¢ = ¢ depends on whether there

is default, . B
0, 7 V(k,b,0) if b < m(0)k:

VOkb) =3 5.7 - 11

(k.0) { Va(k,0) if b>m(0)k (11)

We let the household choose, at any moment, between the repayment and
the default strategy, and we define the optimal values V* and V* as

V*(k,b,7) = max{V (k,b,7), Vik,7)} t>0
V*(k‘,l;) = max{V(k,i) , d(k‘)}

We consider only leverage bounds mg and m(7) that are sustainable, i.e.
leverage bounds with the property that the repayment strategy is always
more valuable than the default strategy, i.e.

SHERS
IN

m(t)k = V* (b k,7) =V (k,b,7) (12)
<mok = V(b k) =V

The international lenders are competitive, risk-neutral and discount time at
rate p. When the leverage bounds are sustainable, the lenders charge the
following interest rate. According to the repayment strategy, there is never
default after the turning point ¢, then at any time t = ¢ + 7

r(r,b,k) =p (14)

The situation prior to the turning point is somewhat different. The re-

payment strategy requires default at the turning point ¢ if and only if the

leverage ratio of the household at # is strictly greater than m(0). The interest
rate is then -

= p if b <m(0)k

b, k)= s 15

ro(b, k) {p+7ro it b > m(0)k (15)

Households have the same initial conditions at time zero and the leverage
bound is initially binding. If we label households by i € [0, 1] then

ki =ko bl = moko (16)

for all . The repayment strategy gives optimal policy rules k(t,t), b(t,t),
h(t,t), for any t > 0 and any realization of £ > 0. If, for some ¢, the



optimal policies imply b(t,t) > m(0)k(t,t), then the repayment strategy
requires default at ¢ if t = £. In this case, for any ¢ > ¢ the policy rules are
random variables, since they depend on realization of the stochastic moment
7 (with arrival rate #) that determines the time ¢ 4+ 7 at which a household
is readmitted to the financial market. The realization of 7 is i.i.d. across

households. Using the law of large numbers we derive, for pair any (t,t) > 0,
the aggregate quantities K and H implied by the optimal individual policies,

K(tv ) = E[k(tvf)]
H(t,1) = Blh(t, D) (7
Define also
- K(t1)
o= K(t,1) (18)
- H(tt)
GH(t,1) = 700

We are now ready to explain how the arrival rate my and the price function
w(7) are determined endogenously.

2.2 Aggregate Technology and General Equilibrium

Assume that the cost w is technologically related to the aggregate amount
H of the composite input provided to the final good sector in the following

" wWo H<H
“’(H):{ wo+y ()7 -1 BH>H (19)

with v > 0 and for some constant H > 0. This technology captures the
following intuition. At the early stages of development of an economy, some
inputs might be underutilized. As a consequence, larger and larger amounts
of such inputs can be provided to the final good sector at a fairly constant
marginal cost. As the economy develops, and more of the composite input
H is used, its cost of production increases. The choice of a polynomial
function for the cost w at levels H > H is done for analytical convenience.
Notice that the curvature of w(-) is controlled by v and that, at H = H, the
function w is not differentiable. It seems natural to consider the case where
the cost w does not start to increase abruptly at H = H. Therefore, I will
typically consider small values for v, which give a smoother function w(-).

A second important aspect is that the aggregate technology is stochastic,

10



since the turning point H is assumed to be drawn from a Pareto distribution
with parameters® € (0,1) and H,,;, > 0. Consequently, economic agents
have a unconditional belief on the realization of H given by

7 Hmm K
Prob(H< H)=1—
rob(H < H) <H>

for H > H,n;n*. The reasons for the choice of a Pareto distribution will be
clear in a moment. For now, I show with an example how the assumptions
on the aggregate production technology allow us to capture the following
three features for a growth process. First, there are two stages of growth,
one characterized by constant marginal returns to capital, followed by a
stage with strictly decreasing returns. Second, the timing of the transition
from stage one to stage two is uncertain. Third, at any time during stage
one, the probability of transitioning to stage two increases with the growth
rate of the economy.

Suppose that, starting at time 0 from a level Hy = H,,;p, the amount of H
used into production grows at a constant rate G& > 0. At a certain unknown
time ¢ the turning point H will be reached. The time £ is a random variable
defined implicitly by

FI = }I[)GG(?t~
Suppose that, after #, the aggregate input H grows at rate G (t,) > 0.

Then the evolution of the cost w(t,t) satisfies
w(t,t)=wy t<t (20)

w(t,t) = (1+~)[w(t, 1) —wo +~]GH(t, 1) t>1 (21)

The optimal choice of A is, for the household, a static problem. We can see
that, for any (,%) > 0, the optimal policy requires

- Tk(D]Y -
1—a)A = = w(t,t
e [h(t,t)] oD
Constant returns to scale of the production function then gives
KDY L -
1—a)A = | =w(t,t 22
(-a)d|ed| —aeh (22)

3For this parametrization, the Pareto distribution has no finite first and second mo-
ment. This is of no consequence in the model. Low values for n create a distribution with
a fat tail, which create beliefs that place a lot of mass on large realizations of H.

4 As initial condition on the information set of the agents I assume that wo = (1 —

~ «
a)A [ Ko } .

Hypin

11



which implies )
N - 1wt
G, 1) = GH(t,1) = ——= 23
(t,t) (t,7) T (23)

Notice that G(t,t) = G (t,%) for t < t. Equation (21) is rewritten as

i — Y e D (24)

where
ot ) = L=+ NBED — wo+7)
) ab(t, t) 4+ (1 + ) [ (t, t) — wo + ]

The marginal product of capital A(¢,t) is defined by the function

KDY cJa-wA =
A(t,t) = aA [H(t,f)] =aA o0.0) (25)
The growth rate of A is then
At t) - 1 P
AT —(1—a)[G(t,t) — G (t,1)] = —a(t,1)G(t,1) (26)

For t >t we have w(t,t) > wo and then a(t,f) > 0. After the turning point
the marginal product of capital decreases over time, as the economy keeps
growing, and this is the main characteristic of the second stage of growth.
For t < t we have 1(t,t) = wy and then a(t,f) = 0. The first stage of growth
is characterized by a constant marginal product of capital Ag,

e

@

(1-a)A
w

AOZOéA

To make the problem interesting I assume that Ag — d > p. We now derive
the arrival rate my. Assume that, before the turning point, the growth rate
of capital is constant and equal to G, which is then also the growth rate of
the input H. At time t before the turning point the total amount of input
used into production is H;. The probability that the turning point has been
reached at time f =t + € is

moe = Prob{H < Hie%¢|H,} =1 — e "9 = nGoe + o(e) (27)

As € goes to zero we obtain that the instantaneous arrival rate of the turning
point is g = 1nGy.

12



The evolution of the marginal product of capital that I have derived above
is aimed at modelling the following intuition. When a poor country is at
the early stage of a growth process it may not experience right-away the
existence of decreasing marginal returns to capital. This can be the case,
for instance, because there is an initially a large pool of underutilized re-
sources. The unemployed input can be a mix of natural resources, labor
(Lewis [1954]), slow human capital and technological accumulation (Chari
and Hopenhayn [1991]). However, as more of the initially unemployed in-
puts are used into production, the marginal cost of their provision starts
to increase, and this generates a reduction in the marginal product of cap-
ital. Another interpretation is that, at the turning point, the process of
growth is slowed down because the economy hits a country-specific techno-
logical barrier (Parente and Prescott [1994]). The faster an economy grows,
the quicker the economy will hit its barrier, whose level is nonetheless un-
certain. Different countries can have different levels of the barrier. While
decreasing marginal returns eventually appear and all the countries converge
to a steady state, the economy that has drawn a higher level of H will fea-
ture a higher steady state level of output. Seen from a different angle, this
is indeed a model of conditional convergence, where the steady state level of
output is uncertain.

The assumption that H is distributed as a Pareto distribution has an im-
portant implication. In fact, at any time ¢, the (instantaneous) conditional
probability of reaching the turning point depends only on the growth rate
Go. The level of Hy does not matter per se, since it doesn’t say anything
about the conditional probability of hitting H. The Pareto distribution
has therefore a sort of “memoryless” property which allows the structure of
uncertainty to be unchanged as the economy grows at a constant rate.

Definition 1. An equilibrium is given by leverage bounds m(t,t), prices
w(t,t), 7(t,t), an arrival rate mo, initial conditions (16) and policies k(t,t),

b(t,t), h(t,t) such that

i) The leverage bounds are sustainable: along the equilibrium path condi-
tions (12), (13) hold and m(t,t) = m(t —t) fort > t).

it) Optimality for the household: given prices and Ty, the policies are
obtained from the repayment strategy.

iii) Consistent cost function: w(t,t) satisfies (20) and (24), where G(t,t)
is given by (18), and and w(t,t) = w(t —1t) fort >1t).

iv) Consistent arrival rate: G(t,t) = Go, V(t,1), witht < t, and m9 = nGy.

13



v) Fair pricing: 7(t,t) satisfies (14) and (15).

Notice that any equilibrium features a balanced growth path prior to
the turning point, where all the variables grow at a rate Gg. To conserve on
notation, and whenever this does not create confusion, we use the subscript
t to indicate a variable at time ¢ without indicating the realization of the
turning point #. Using the optimality condition in the choice of h we write

the net output as .
Ak hy ™ — aighy = Aky

with A; defined by (25). The next lemma provides two important features of
any equilibrium. The first is that the model can be be detrended, allowing
us to study a stationary problem. The second regards the consequence of
relaxing the constraint (10). The lemma shows that at any instant either
the leverage bound is binding or the constraint (10) is binding. In this
case, as the bounds Dy and D go to infinity, the leverage ratio tends to
“jump” instantaneously (i.e. have an infinite growth in an infinitesimal
span of time) to the leverage bound. By appropriately taking the limits
we progressively approximate the solution to a problem where the state
variables of the households are allowed to follow discontinuous paths and
have jumps. I refer to this problem as the model with jumps. The Lemma
also derives the balanced growth rate Gj.

Lemma 1. Define b= %. In any equilibrium the following properties hold

a)

Vi) = V) + ) = v 4 ok
ST - P logk : Alog k (28)
V(kb,7) = V(1,b,7) + 25V (k) = V(1,b) +
b) Define n* =0 if mog < m(0) and n* = n otherwise. Then
AQ -6 — P
= - 7 2
Go=1- (1 —n*)mo (29)

c) At any time, either the leverage ratio is binding or (10) is binding.

Moreover,
i _ _ 1 1-0
lim V(1,b,7) =V (1,m(1),7) + - log ———
D(7)—o0 p " 1—m(r) (30)
1 1-0
lim V(1,b) =V (1, + -1
[)olinoo (1,b) (1,mo) P 0g 1— mo

14



Proof. The proof of part a) of Lemma 1 is reported in Appendix A where
I also show that at any time ¢ either the leverage bound is binding or (10)
is binding. I now derive the limiting jump process for D(7) that goes to
infinity. A similar argument can be used for Dy and is left to the reader.
Define g, = i—: For simplicity define the bound D as follows: D(7,b;, g.) =
—pbr + g:b; + D for some constant D > 0. Equation (10) is rewritten as

by < D

Consider any time 7 after the turning point and assume that b, < m(7). By
continuity of m; we have

m(1T +€) = m(7) + u(e)
for some function u(e) such that u(e) — 0 as € — 0. Choose D such that

m(7) + u(e) — by

D=

It is easy to check that
brie = by + De =m(7 +¢)

It takes exactly a span of time € for the leverage ratio to reach the leverage
bound starting from a value b, < m(7).

For any 7 such that 7 < 7 < 7 4 € the first order condition with respect to
g7 implies

¢t =p(l—bz) =A(7) =6 — g +di = A(7) =0 — (1 = bz)gs + D — pb
which gives

_A(F)-é—-p+D A(F)-0-—p+D
97 = 1 bs) “1-b, D 1)

Integrating in 7 from 7 to 7 + € we obtain

krie A(t)=d—p+D 1—b; — De

log " = — o) log 0.
_ _A(T)—(S—pelogl—m(T—i—e) _logl—m(T—i-e)
m(7) + u(e) 1—b, 1—b;
Taking limits for € — 0 we finally have
k'r—i—& 1 bT
1 1 31
©8 kr - Ogl—m(T) (31)



For a given € small (and thus for a given large D), and the properties in
part a) we can write

o ) log k,
Vk,b,7) = V(1,b7)+ Oi

+ o(e)

[/ 1 T+e
= (logc+logk:)e + (1 — pe) |:V(17m(7' +€),7+€) + ng*]

or

V(1,b,7) =log(c)e + (1 — pe) [V(l,m(T +e),7+¢€) + ;log k;:ﬂ + o(e)

T

For € — 0 we finally obtain

_ _ 1. 1-b,
V(l, b, T) — V(l,m(T), T) + ;10g 1_7’”1(7_)

O

Denote with V(b), V¢, V(b,7), V4(r) and V°(b) respectively the de-
trended value functions V(1,b), V(1), V(1,b,7), V4(1,7) and V°(1,b). We
only consider solutions to the household’s problem for the model with jumps,
where value and policies functions are obtained as a solution for the limit in
part ¢) of Lemma 1. Since, by part c¢), the leverage bound is always binding
we have

pV (m,7) = maxlogc+ V}(m,)m + V/(m,7) + %
g
st. c=A(T)—d+m—g—m(p—g)

(p+ m)V(mo) = Ingaxlogc + VO (mg) + %0
0

st. ¢e=Ag—96 =g —mo(ro —90)

By part ¢), the leverage ratio jumps immediately from zero to the lever-
age bound when the household is readmitted to the financial market after
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default, then

. . log(1 — . d
(p-+ 0)V(r) = myxloge + 0 | Vm(r))  PEL= Dy iy 4 &
9
st d=€A(r)—0—g°
log(1 — . d
(p+6+m)V¢ = max log 0 {V(mo) - og(pmo)] + moV(0) + 9;0
90
st. d=¢Ag—6— gg
(33)

Again, part ¢) implies that, if the household has a capital k; at the moment
of the readmission to the financial market, her capital jumps immediately
to 1_1mt k. The quantity 1_1W is then a capital multiplier, which takes place
thanks to the leverage effect of international borrowing.

The first order conditions at any time ¢ + 7 after the turning point are

c=p(l—m) (34)
¢ =p (35)

:A—f::;—km (36)
gl =€A—5—p (37)

Before moving to the next section, I make sure that, during default, the net
marginal product of capital never falls below the risk free rate p and assume
the following function for the output costs

(1) = max {5, f,{f)} >0 (38)

for some constant ¢ € (0,1) such that {Ag > 0 + p. Notice that (38) implies
that £(7)A — & > p, i.e. even in presence of output costs the net marginal
product of capital never falls below the international risk-free rate p. This
assumption is made for analytical convenience, since it gives

97 = max{€A(r) — 6 — p,0}

Notice, finally, that the assumption that the punishment for default is au-
tarky boils down to assuming that the household cannot borrow during the
punishment, but could lend to international agents at the risk free rate p.
However, this is never optimal, since (38) implies that the return on capital
EA(T) — 0 is always bigger that the international risk free rate.
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2.3 The endogenous leverage bounds

There are many leverage bound functions mg and m(7) which satisfy (12)
and (13) as, for instance, the autarky functions mg = m(7) = 0. In this
section I construct particular function that define what I call “endogenous
leverage bounds”. I first derive bounds after the turning point and I will say
that m(7) defines endogenous leverage limits if and only if, in equilibrium,

Vim(r),7) = Vd(T) Y7 >0 (39)

The endogenous leverage bounds have the property that they make an house-
hold indifferent, at any state, between repaying and defaulting on the debt.
Given such indifference, I assume that the household always chooses the
repayment strategy.

Condition (39) implies the following

LV (m(r),r) = LVi(r) Yr>0

Rewriting the total differential with respect to time we have
Vi + V! —pV(m,7) =V - pVir) ¥Yr>0 (40)

Plugging (40) into (33) and using (34)-(35), yields an equation that defines,
at any state, the endogenous leverage bounds
log = — 91 ! ) =0 41

plog 7 = ongr(gr—gT)— (41)
The incentives that must be provided to the household to make her indif-
ferent between following the repayment strategy or the default strategy are
summarized by the three terms in the sum (41). The inspection of (34)-(35)
shows that the first term is always negative. In fact, consumption under the
repayment strategy is smaller than that under the default strategy, since the
possibility of leveraging investment through international borrowing induces
the household to choose higher investment rates, at the expenses of current
consumption. This is the consumption effect. The second term is also nega-
tive, and is the debt forgiveness effect, or the wealth gain that the household
would make if she were to default and be readmitted instantaneously, with
zero debt, to the financial market, an event with arrival rate #. When the
leverage bounds are endogenous the third term, the excess growth effect, is
positive and exactly compensates the first two. The growth rate of capital
under repayment must be larger that the growth in default and this extra
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growth represents a long run gain in utility stemming from an increase in

the wealth of the household. Using (36)-(37) we find
rin(7)

1 —m(7)

m(r)

1_7771(7)[14(7) —d—pl+

9 — 9t = +[1 = &(r)]A(r)
Again we divide the excess growth ¢ — g¢ into three terms. The first is the
part of excess growth coming from the possibility of leveraging investment
through international borrowing, captured by the capital multiplier. The
second is the effect on growth of a variation in the leverage bound, which
is amplified by the capital multiplier. If 7 < 0 excess growth is reduced,
because de-leverging the economy determines a reduction of resources avail-
able for investment. The third term is the part of excess growth enjoyed
by a household following the repayment strategy due to the absence of the
output costs arising from the choice of defaulting.

Denote with ¢(7) the fraction of the aggregate capital that at time £+ 7 is al-
located to households excluded from the financial market because of default
at time £. Clearly, if m(0) < mg then the repayment strategy requires that
all the households default simultaneously at # and then ¢(0) = 1. Otherwise,
if there is no default at the turning point, ¢(0) = 0. At any 7 the capital
of all the households with access to the financial market grows at the same
rate g,, while the capital of all the households in default grow at rate g.
Moreover, at a rate 6, households in default regain access to the financial
and their capital jumps immediately proportionally to the capital multiplier
#(7)' In Appendix B I show that the growth rate G; of aggregate capital
at any time t is

Gr = (1= 8.)gr + 6rg 4 6,0 (42

As shown in Appendix B, the evolution of the share ¢ of capital allocated
to households in default is

br = —¢-(0 + G- _gg) (43)

After substituting for ¢, ¢?, g and g¢ equation (41) can be written as a
differential equation in explicit form?®

for some function fa(m, A). With the appropriate substitutions for G, g and
g%, (26), (43), (44) define a system of three differential equations in explicit

5The function f is reported explicitly in the proof of Lemma 2.
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form in the variables m, A and ¢. A solution to this system gives, as a
function of time, an evolution for the endogenous borrowing limits after the
turning point. The initial conditions are given by

A(0) = Ao,  #(0) € {0,1}

Lemma 2 states the existence and characterize any solution to the system
(26), (43), (44). While all the result that I derive hold in a general setting,
to make the exposition simpler I assume that

{mlfa(m, Ag) = 0} # 0 (45)

Condition (45) is basically a requirement that Ay is not too largeS. The
equation fa(m, Ag) = 0 typically has two solutions and I call mg the smaller
of the two

mg = min{m| fa(m, Ap) = 0} (46)

Lemma 2. For any initial condition ¢(0) € [0,1] and A(0) = Ag, the system
(26), (43), (44) has a solution m(t), A(T), ¢(1). Moreover,

m(0) = ma — €

0 < e, < v(y) for some continuous function v(-) such that v(0) = 0. The
functions m(7) and A(T) are decreasing, with

lim m(7) =0, tlim A(t)=p+0

t—00
If $(0) = 0 the solution is unique.

The proof is reported in Appendix A. We can gain intuition on the results
of Lemma 2 by looking at Figure 4, which plots the phase diagram fa(m, A)
for different values of A. For any 7 such that m(7) > 0 equation (41) requires
that g, > g¢ > 0. Then, by (42) and (26) we have 4; < 0, which means that
after the turning point the marginal product of capital decreases over time.
Consequently, ceteris paribus, the excess growth g, — g¢ tends to decrease,
which by (41) implies that m(7) should decrease. However, the required
deleveraging, m(7) < 0, would tend to further reduce the excess growth and
the incentives for the household to follow the repayment strategy. If the
household reaches the turning point with a high leverage ratio m(0) > ma
the necessary deleveraging process is not sustainable. In fact, as the marginal

6A(7) is a decreasing function and, eventually, condition (45) holds for some time 7
sufficiently large.

20



my

| At)

/:;o

iz

m

g 1

Figure 4: The endogenous leverage bound after .

product of capital decreases, the only way to provide incentives for the
repayment strategy would be to increases the leverage ratio, m(r) > 0,
which eventually hits the bound M.

Once we have obtained a solution m(0) we can work backwards to find the
endogenous leverage bound prior to the turning point. It is natural to define
the endogenous leverage bound mg as

mo = max{m|V (m) >V} (47)

If the endogenous leverage bounds are such that mg < m(0) then there is no
default at the turning point. Instead, if mg > m(0) then, by construction,
the repayment strategy requires default at the transition point between the
first and the second stage of growth. We can now see that such a construction
for the repayment strategy wasn’t arbitrary. In fact, recall that by Lemma
2 m(0) is arbitrarily close mg. Then, if m(0) > mo we can say that, for
~ small, mg > mso. An household then reaches the turning point with a
high leverage but, by the discussion in Figure 4, there is no credible path
of deleveraging starting from values higher than ms, and default thus takes
place.

Similarly to (41) we find

plp+ 0+ m0)[V(mo) — V¥ = (p+ 0)log(1 — mo) + go — g5

where gg is given by (37) and g equals (29). Using the fact that m(0) < ma
we can easily show that V(m(0)) — V¢ > 0 and then mg = m(0) is always
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sustainable. In particular, as v goes to zero, the inequality (47) holds with
equality
ilir(l) V(m(O)) — Vd = fg(mQ,Ao) =0

The possible shapes of V(m) — V% are shown in Figure 5. As already men-
tioned, a leverage bound equal to mo = m(0) is sustainable and the differ-
ence between V(m(0)) and V¢ is close to zero. A discontinuity takes place
at m(0) because, as we increase m, the interest rate changes discontinuously
from p to p+my. Levels of m close to m(0) are then not sustainable, since the
consumption and debt forgiveness effects dominate over the excess growth
effect. If we further increase m to intermediate values we could have that,
as for the solid line in Figure 5, the high leveraging boosts the growth effect,
which then dominates and makes the leverage bound sustainable again. Fi-
nally, if we keep increasing the leverage m, the excess growth effect loses in
importance because its rise is dampened by the corresponding rise in the risk
premium 79 = nGo. The resulting higher interest rate works in the direction
of reducing both the aggregate growth G and the excess growth effect. For
the case of the solid line in Figure 5 we then obtain an endogenous leverage
ratio mg > m(0) and the repayment strategy requires default at the turning
point. There are, however, paths of growth where no default takes place. In
fact, if Ag is sufficiently low, the function V(m) — V¢ follows the shape of
the dashed line. In this case, due to the low marginal product of capital, the
excess growth effect never dominates and the endogenous borrowing limit is
mo = m(0).

For m > m(0) the interest rate in the first stage of growth is p + nGy, we
find that

fi(m) = plp + o) [V(m) — V)

= (p+ O)log(t —m) 4 U (4 6 )+ (- o

The proof of the next proposition is reported in Appendix A.

(48)

Proposition 1. Define an economy by a vector & = (AO, %,1 —5) and
assume that v is small. Define ma as in (46), fi(m) as (48) and M by

M, = {m|m > ma, fi(m) = 0}

If My = 0 then mg = m(0) and the equilibrium is unique and with no default.
If My # 0 then mo = max{Mi} > m(0), any equilibrium has default at the
turning point, and V(mg) = V<.

Consider two economies such that &' > &. Then, if default occurs in & it
also occurs in &'.
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In this model, there are only two possibilities for a path of growth. An
economy can accumulate, during its first stage of development, a large stock
of debt which fuels a high growth rate. Default takes place at the turning
point, when decreasing marginal returns on capital start to appear. After the
economy recovers from the financial crisis, and the recession due to output
costs, the growth rate is lower because it is chocked by a low ability to
finance investment through international borrowing. In the second stage of
growth, in fact, the country experiences a sudden stop in the capital inflow,
which resembles a permanent credit crunch following a credit boom. This
situation if depicted by the path of the leverage bound shown in Figure 6.
The second possibility is that the accumulation of debt during the first
stage of growth is moderate. The growth rate is smaller and the economy
transitions to the stage characterized by decreasing marginal returns without
defaulting. The two different paths for the GDP growth rate are shown in
Figure 7. Similar patters are followed by the investment rate in Figure 8.
Notice how the economy following an equilibrium with defaults looks more

23



T
|
m !
|
|

Figure 6: Path of the endogenous leverage bound in an equilibrium with
default.

volatile than an economy on an equilibrium with no default. The fact that
an economy ends up following one path or the other is decided by the vector
&= (AO, %, 1-— 5). If the initial marginal product of capital Ag is high the
excess growth effect is strong. This expands the endogenous leverage ratio
and the economy follows the path featuring initial high debt-high growth-
high risk and consequent default. This might be, for instance, the growth
path of an economy which is initially very underdeveloped. On the contrary,
a more developed economy featuring a lower marginal product of capital
will follow a smoother path of growth, with smaller growth rates which
do not end up in a financial crisis. Similar comments can be made for the
punishment parameters. Larger output costs 1—¢ increase the excess growth
effect, while longer exclusion % from the financial market decreases the debt
forgiveness effect. Stronger punishment increases debt sustainability and
tends to set the economy on an initially higher path of growth. However,
the tougher the punishment, the harder the consequences of the default that
takes place at the turning point, both in terms of output costs and in terms
of longer autarky. Stronger punishments tend then to make more volatile
the development process of the country.

The next section is devoted to the dynamics of the current account. I show
that, when we allow for bubble formation, the model is capable of generating
sudden and permanent reversals in the current account, following a financial
crisis. I show also that the presence of a bubble in the current account allows
for debt sustainability also in the context of Bulow and Rogoff (1989).
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Figure 7: GDP growth: equilibrium with default (solid) and without default
(dashed).

<l

Figure 8: Investment rate: equilibrium with default (solid) and without
default (dashed).
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2.4 Bubbles, Debt and the Current Account

In their influential paper, Bulow and Rogoff (1989) showed that no con-
tingent debt contract can be enforced between a lender and a borrower
whenever the only punishment for a defaulting borrowers is the permanent
exclusion from future borrowing (but not from lending). I show that in my
model the Bulow-Rogoff (from now BR) result is strictly connected to a
transversality condition that rules out bubbles.

The formulation of BR is easily replicated here by setting § = 0 and & = 1.
It is straightforward to see that the assumption that the household can in-
vest abroad after defaulting is inconsequential, since at each point in time
We find that

mo = 0

Since, by Lemma (2), an endogenous leverage bound m(7) must satisfy
0 < m(1) < mg, we conclude that m(7) = 0 for all 7 > 0 is the unique
endogenous leverage bound after the turning point, a result consistent with
BR. However, before the turning point, there can be an endogenous leverage
bound that sustains a strictly positive amount of debt. By Proposition (1)
we know that this is possible if and only if

max{ M } = max{m|fi(m)} >0
It is easy to se that the absence of output costs implies f1(0) = 0. Moreover,

df1(0)

dm

=(1=n(Ao—0—-p)—p

Therefore, if Ag is sufficiently large, we have d];l?g? ) > 0 which implies that

there exists a solution mg > 0 to f(mg) = 0. Hence, if the maginal product of
capital is sufficiently high, the unique equilibrium with endogenous leverage
bounds features a balanced growth path prior to the turning point with
strictly positive debt. The debt contract is contingent on the stochastic
moment where the economy reaches the turning point and can be expressed
as follows: repay the debt, which grows a an instantaneous rate Gy, as long
as the turning point is reached, then default and enter autarky for ever.
Why does the BR result seem to fail here?

Recall that rog = p + nGo and Gy is given by (29). We can write fi(-) as

f1(mo) = pllog(1 — mq) + mo] — mo(ro — Go)
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It is easy to see that
fl(mo) >0= (TO — Go) <0 (49)

The balanced growth path prior to default is non autarkic and strictly pos-
itive debt can be sustained only if the effective interest rate rg — G is neg-
ative. In other words, if the marginal product of capital Ay is high enough,
the aggregate capital and the aggregate debt grow at a rate bigger that the
interest rate. In this situation the household continuously rolls over her cur-
rent debt obligations by issuing new debt and has no incentive to default.
To follow the notation of BR define D°(t) as the time zero value of the pay-
ments —d, up to time ¢ that international investors receive from the small
open economy. After the turning point the economy is in autarky, then d, =
0. Instead, prior to the turing point, —d, = —dok; = (ro — Go)mokoeFoT.
The arrival rate of the turning point is mg = nGy = rg — p, then

0 _ N t
D(t)=E [— / e—PTdeT] = (ro — Go)bo / e~ (r0=Go)Tqr <
0 0

The net present value at time zero of the households payments is then
D%(0) = —co. Any equilibrium where the present values of the payments to
the lenders is negative is ruled out by BR. Debt contracts having a negative
net present value might be considered non optimal for the lenders. How-
ever, this debt contract with negative net present value is of a particular
sort. Recall that rationality for the lenders is here imposed in part v) of
Definition 1 simply by requiring a fair pricing of the debt asset. A possible
source of non optimality in the transversality condition that usually rules
out bubble equilibria in asset pricing. In fact, define pY(¢) the time zero
price of an Arrow security that pays one unit of consumption good at time
t if the turning point ¢ has not been reached at ¢, and zero otherwise. The
arrival rate of the turning point £ is 7 and fair pricing requires that

p(](t) — ef(p+7r0)t _ 677‘0t

The equilibrium face value b of an household’s debt at time ¢ equals boeCot

if the turning point has not been reached at t, and zero otherwise. The price
at time zero of the face value of the equilibrium household’s debt at time ¢
is then P°(t) = p°(#)b; > 0. We have

lim PO(t) = lim e~ (0=C0)tpy — 400
t—o0

t—o0

The value P°(t) of the wealth invested by the international lenders into the
economy goes to infinity as ¢t increases. The usual transversality condition,
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which requires that such value goes to zero, does not hold. Moreover, since
PO(t) > DO(t) for all ¢, the price P? of the debt asset is always greater
than its “fundamental” D°. Hence, I name this situation a bubble equilib-
rium. Without a more precise specification of the problem solved by the
international lenders, the simple requirement of a fair pricing is not enough
to rule out bubble equilibria. Indeed, equilibria with rational bubbles can
be obtained in a number of ways (see for instance Weil [1989], Jovanovic
[2007], Hellwig and Lorenzoni [2007]). For the existence of an equilibrium
with rational bubbles it is generally necessary that the bubble asset has a
bounded supply (Jovanovic [2007]). Debt does not seem to fall in such a
category of assets. Interestingly, in our model, the bound on the amount of
debt that the country can issue is endogenously obtained because incentives
to default don’t allow the leverage ratio to be greater than the endogenous
leverage bound myg. At the same time, the very existence of a bubble pro-
vides incentives for the households not to default on the debt before the
turning point, that we can consider as the moment where the bubble bursts.
With this respect, our model resembles Hellwig and Lorenzoni (2007).

The discussion on the bubble equilibria introduces us to the problem of

assessing whether the model can qualitatively account for the type of dy-
namics of the current account that we as seen in Figure 2. The answer to
this question is affirmative, as I show in the remaining of this section.
The question is addressed in a cleaner way if we make a straightforward
extension of the model and we allow for partial default in the form of debt
renegotiation. Assume that, at the turning point, an exogenous fraction
1 — ¢ > 0 of households have the option of choosing between complete de-
fault and renegotiating their current total debt Bg = mok; to a new level
mk;. Renegotiation has the advantage of sparing the household the pun-
ishment inflicted to agents that default on their entire debt. If we assume
that the renegotiation process extracts all the surplus from the borrowers
in favor of international lenders, the level of the renegotiated debt is ex-
actly mk; = m(0)k;. In fact, by construction of the endogenous leverage
bounds, V(m(0)) = V% and the houshold is exactly indifferent between
accepting and rejecting the renegotiation offer. The endogenous leverage
bounds m(7) solve the usual system of differential equation with initial con-
dition” ¢(0) = ¢. Also, for simplicity, assume that § = 0 so that the fraction
¢ of households that default disappear forever from any interaction with the
financial market. On the contrary, households that renegotiated the debt,
keep interacting with the international market.

"Lemma 2 proves existence of a solution for any ¢(0) € [0, 1].
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The equilibrium interest rate ro takes into account that default is only par-
tial and that the fact that international lenders are able to recover a fraction
A of their investment,
m(0)

mo

A=(1-0¢)
Therefore,
ro=p+m(l —A)=p+nGo(l—A)=p+1'Go

where 7/(mg) = n(1 — A) is now a parameter that changes with myg, for a
given m(0) (which is independent on mg). The endogenous leverage bound
my is found as before as the largest solution to fi(m) = 0, where the func-
tion fi is now constructed with an endogenous parameter . This creates
no major departure from the characterization of the equilibrium presented
above for the case of complete default.

The dynamics of the current account of the country mirrors that of the
households with access to the financial market. Prior to default, the (de-
trended) net exports are

—dp = mo(ro — Go)

As we have seen above, it can be the case that Gy > rg, the country is a
net importer and experiences a capital inflow. At any time £ 4+ 7 after the
turning point, net exports —d, are

—d- =m(7)(p — g-) —m(7) >0

with g, given by (36). If the sudden contraction in the leverage bound after
the tuning point (Figure 6) is sufficiently sharp, the reduction in the growth
rate can be strong enough that g, < p for all 7 > 0. Moreover, m(7) < 0
since the economy is progressively deleveraged, which also contributes to the
reduction in the growth rate. This situation is shown in Figure 9. Before
the turning point the sustainable leverage bound can be very large, the
growth rate of the economy is bigger than the interest rate and the country
is in a credit boom. At the turning point the leverage bound falls sharply
and the country experiences a credit crunch. Some borrowers can devalue
(renegotiate) their debt, but the growth rate of the economy is very tightly
constrained by the credit crunch. The lower growth rate coupled with the
ongoing deleveraging process transforms permanently the country from a
net importer into a net exporter.
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Figure 9: Net exports detrended by GDP for an equilibrium with default
and debt renegotiation.

3 Conclusions

I constructed a model that links together, along a path of development of
a small open economy, the growth rate of output, the direction of capital
flows and the possibility of a financial crises. Households of the small econ-
omy borrow from international investors to finance the capital accumulation
which drives the economic development. Default on the international debt
is possible, which determines the existence of endogenous borrowing limits.
The borrowing limits interact with the growth process giving rises to in-
teresting dynamics whenever we introduce a simple element of uncertainty.
Marginal returns to capital are initially constant and they start to decrease
when the economy has reached an exogenously given level of development
that I call “turning point”. Agents have only a probabilistic knowledge of
the level of the turning point, and the speed at which it is reached depends
on the growth rate of the economy, which in turn is determined by how tight
are the endogenous borrowing constraints faced by the country. Two paths
of development are possible. In one case, the borrowing limits are loose, the
economy grows very rapidly until the turning point is reached. Following the
initial credit expansion the economy suddenly faces a credit crunch which
forces the households to default. The economy eventually recovers from the
distressed periods, but the tightness of the borrowing constraints perma-
nently reduces the growth of output and the investment rate. If the credit
crunch is sufficiently severe the balance of payment is permanently reversed.
This path if followed by economies with initial large marginal product of
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capital or that face strong punishments for default. The second possibility
is that the endogenous borrowing limits are tight from the very beginning.
This produces a slower but more stable growth, since no default takes place
at the turning point. I also show that there is a strict connection between
debt sustainability and the existence of equilibria featuring the presence of
bubbles.
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5 Appendix A
Proof of Lemma (1)

Proof. For part a) I prove the property for V (k;, l;t,t), while the proof for
the other value functions is left to the reader. At any time f + ¢ after the
turning point ¢ define V (b, t) the function that solves

pV (by,t) = maxu(c) + Vy (be, )by + V/ (b, t) + % (50)
gt,at

s.t. Ct:At_6+dt_gt
i?t =1y +di — bige

by < my
by < D
Guess that V (ks by, t) = V (b, t) + %. Define
l;t Et d~t kt
by = — =— d — ==
t K Ct kt7 t k’t’ gt L
Notice that .
by
by=——>b
t ks tgt

Then our guess implies

Vi (e, by, )y = =V (by, t)byge + %

From which,
V]f/(kta Bta t)kt + %,(kb Bta t)l;t + ‘z/(kta gta t) = ‘z),(bta t)bt + ‘Zj/(bt’ t) + %

Substituting into the definition of V (k¢, by, t) we obtain

gt

pV (ky, by, t) = max u(c;) + log ky 4 Vi (by, )by + Vi (b, t) +

gt,dt
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s.t. Ct:At—(S‘i‘dt_gt
by = reby + di — brg
by < my
by < D

And we verify the guess

o . log k
V ke, by, t) = V(by, 1) + 281

By noticing that V(1,b;,t) = V (b, t) we obtain the result.

For part b) and ¢) I define D(r,b,,g,) = —pb, + g-b, + D for some constant
D > 0. I show that the constraints of the type (10) are always binding.
Consider any time after the turning point where b; < m; and denote with
V (b, t) the detrended value function V'(1,b;,t). Suppose by contradiction
that (10) is not binding. Then,

Y (b1, ) = mmanxu(cr) + V(b )b+ V(b 1) + 5 (51)

gt,dt

s.t. Ct:At—6+dt_gt
by = pby + di — big

The first order conditions, with respect to d and g are, respectively

1
—— =V
Ct b
1 1 _
= _ tibf
e p
which together imply
ct = p(1 —by) (52)
and 1
Vi (bg,t) = ————— = V/i (b, t) =0 53
b( ty ) p(l _bt) = t,b( ts ) ( )

where V% is the cross derivative. Indicating with V' (by,t) is the second
derivative of V (b, t) with respect to its first argument, it is easy to see that
the equations above imply

=5 = (1=b) (54)



Consumption then satisfies
p(L—=b)=Ay— 6 +dy— gt = Ay — 6+ by — pbr — (1 — b)ge
or _
A-bd—p=(1—-b)g—b (55)
The envelope of the value function, using (53), gives
pVy = V'be + Vi (p — g¢)
and by using (54) ‘
b = ge(1 — by)
Finally, substituting into (55)

At—(S—pZO

which doesn’t hold by assumption and shows the contradiction. We conclude
that (10) binds after the turning point, unless b, = m;. In particular, this
implies that

1 _

—— <V

Ct =0
Moreover, since D = pb; + dy — byg; it follows that ¢; = A; — § + D — pby —
(1 — by)gs. The first condition with respect to g¢ gives

i__ 1
e p(l—1by)
and then 1
- >V 56
pL—b) = 0

Consider now the situation at any time ¢ prior to the turning point. Again,
denote with V(b), V<, V(b,0), V¢(0) and V°(b) the detrended value func-
tions before or at the turning point. Take b; < m; and assume, by contra-
diction, that b; < D. The detrended problem then gives

(o +mo)V (bi) = mzzlxu(ct) +moVObe) + Vi + %
gt,at

st. g=Ag—0+d— g
bt = r¢by +diy — brge
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Assume that VO(b;) = V(b;,0). Hence, there is no default if the turning
point is = ¢ and then r, = p. Again, equations (52)-(55) hold. This time,
the envelop condition gives

(p+m)Vy = Vb + Vi (p — g) + m V)
and substituting for (52)-(55)

V;;/(bh t) - ‘/Z(bta t)
Vy (e, t)

i)t = gt(l — bt) + 71'0(1 — bt)
From the first order conditions we know that

1
V(b S)) = —————
S =00

Assume for simplicity that by < m(0). By (56) we obtain
by > (1—1by)g

which substituted into (55) gives the following contradiction
Ag—6—p <0

Now take VO(b;) = V4(t) which implies default if the turning point is ¢ = .
The interest rate is 1, = p + mg. The first order conditions are the usual
ones, while the envelop condition is

(p+m0)Vy = Vi'be + V' (p + 70 — 1)
again we have '
bt = (1 — bt)gt (57)
Consumption is
Ct — AO —5+bt — (p+ﬂ'0)bt — (1 _bt)gt
and then
Ao—(s—p—’ﬂ'obtzo

Guess that mp = 7Go = 17 Ao—b—p

T=(=n)mg" The the equation above is rewritten as

1 —mqg +n(mo — by)

>0
1= (1 =n)mg

0=A—-0—-0—p—moby =(Ag—0 —p)
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which is a contradiction. Therefore, given our guess for Gy, either b; = mg
or l}t = D. The initial condition for all the households is by = mg. We
have just showed that our guess for Gy implies that b; = mg for all t < ¢,
otherwise (10) would be binding and then b, = D > 0, which is not feasible.
Given by = mg and by = 0 the first order condition for g, = go gives

Ao—(s—p—ﬂ'omO
9o =

1—m0

An equilibrium requires go = Gg and then my = ngg. Substituting we verify
our guess. I is esy to see that, if my = m(0) then the risk premium mg
disappears from the first order condition ofr gy and an equilibrium growth
rate Gy as stated in the Lemma is found by setting n* = 0.

O
Proof of Lemma 2
Proof. Step 1. The system of differential equations in implicit form is
0 (p +0)log(1 — my) + g: — g
A | = —a(A) AGy (58)
o — ¢t {9 + (1= ) (g — gf) + 9¢t1TfnJ

The function a(A;) > 0 is given in Section 7?7, while
fa(my, Ay) = (my—1)[(p+0) log(1—my)+min{(1—-£) A, Ay—0—p}]—mi(A—0—p)

The system of differential equations in explicit form is

iy fa(my, Ar)
At _ —a(A)AGy (59)
& —¢ |0+ (1= &) (ge — gf) + O Toim;

The function a(A;) > 0 is given in section ??. Moreover

B At—é—p—l-mt
N 1—mt
g = max{€A; — 6 — p,0}

Gr=(1—¢)(gt — g) + g + 0

gt

my
l—mt
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The system in explicit form is

Ty fa(my, Ay)
At — —a(At)Ath
o — 1 |0+ (1= ¢0) (gt — gi') + 0 74

where
fa(my, Ay) = (mi—1)[(p+0) log(1—my)+min{(1—¢) Ay, A—d—p}]—mi(As—6—p)

Write the system as g = z(y;) with y, = (my, A¢, @) and z,(y) is the n-
th element in the vector z(y). Any solution to the system of differential
equations must have the following property.

Property 1. Suppose that for some 7,71 € [t,T]|, with T < 11
m(t) >0, A(t)>d+p, m(r) <0
then, for some 5 € (1,T)

>0 7€)
m(7)s =0 7=
<0 7€ (TQ,T]

A(F)>0+p Vie[rT]

The property is proven as follows. The existence of 79 where m(7z) =0
is a consequence of the continuity of m(-). Now suppose that m(7) > 0
for 7 € [r,72). We can show that A(72) > 0 + p. In fact, assume that
A(m2) = 6 + p. We then have

g% () =0

g(m2) — g*(12) = g(72) =0

and thus
Th(TQ) = 0, G(Tg) = O

so that m(7) = 0, A(m2) = d + p for all 7 € [, T], which is a contradiction.
Suppose, instead, that A(72) < 6 + p. Then,

Th(TQ) >0
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again a contraction with m(7m2) = 0. We conclude that A(r2) > ¢ + p and
thus
Th(TQ) <0

Notice that, as long as A(7) > 0 + p we have m(7) < 0. Suppose that, at
some 73, we have A(73) = p+ 0 and A(7) > p+ 6 for 7 € [12,73). Then,
since m(73) < 0 and

it follows that
G(T3) <0

which is a contradiction with A(73) = p + §. Therefore we must have
m(t) <0 7€ (m,T]

and we have established the results of Property 1.
We know move to show the existence of a global solution to the system (59).
Define the set Y as

Y ={(m,A,8)[0<m<my,0< A< Ap,0< ¢ <1}

where my is given in (46). For p > 0 and small, denote with B(y;p) the
open ball centered at y with radius p and define Y as

Y =J B.»p)

yey

It is easy to show that there exists a constant L > 0
[n(y)| <L VyeY

with n = 1,2,3. Moreover, call J; ;(y) the typical element of the the Jaco-
bian matrix of z(y) at any differentiable point y . We can show that there
is a constant L; > 0 such that

i) <L VyeyY

i=1,2,3, 7 =1,2,3. Then the following Lipschitz condition holds

Z |zn(y) — zn(z)] < Ly Z Yn — n|
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y,x € Y. Define T} as

T]_:Z

General arguments on the existence of local solutions® to the system (59)
imply that, for any 4° € Y there exists one and only one continuous solution
y(7) to the system (59), for 0 < 7 < T} and

y(0) =3°

|yn(7_) - yn(0)| <p 0<7<Th

n = 1,2,3. The existence and uniqueness result show the existence of a
continuous function F' : R? — R? such that, if y(7) is a solution to the
system (59) for 0 < 7 < T1, then

Define the set M as
My = [0, mo]

Consider the two initial states Yy = (0, Ao, ¢0) and yo = (ma, Ao, ¢o), with
oo € {0,1} to represent the case of default and of no default at the turning
point ¢ = 0. Notice that y, 5o € Y and that 1i29(0) < 0, mo(0) > 0 which
implies

my(Th) = Fi(y,) <0

mQ(Tl) = Fl(go) > mo
The first conclusion is drawn from Property 1, while the second is due to

the observation, and the discussion, of the phase diagram in Figure 4. By
continuity of F(-), there exists an interval M; = [m;, m1] C My such that

Fl(m17A07¢0) =0
Fi(mq, Ao, ¢o) = ma

0< Fl(m,A0,¢0) < mga le <m < m

For 7 € [0, T1] let us call y (7) = (my(7), A1(7), ¢, (7)) the solution with ini-
tial condition y, (0) = (my, Ao, ¢o). By Property 1 we have that F5(y, (0)) >
p+ 0. Then, for all 7 € [0, T}]

my (1) >0

8See, for instance, Franklin (1954).
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which imply

my (1) € [0,my)

A7) € [p+ 8, A (60)

for 7 € (0,17).
If F5(y,(0)) = p + 4 then the functions m, (1) and Ay(7) are constant from
time 7 on and, because of (60), we have found a solution to the system (59)
with the required restrictions on m, A and ¢.
If F5(y,(0)) > p+ & repeat the procedure above as follows. Define the set
Y7, as

Y, = {F(m, Ao, do)|m € My}

Notice that
Yi1CY

Define T5, = 17 + % We then know that, for any yr, € Y7, there exists
a unique solution y(7) to (59) for 7 € [T1,T»] with y(T1) = yr,. For any
y, € Y, we can write

y(Tz) = F(yr,) = F(F(w))

with yo = (m, Ao, ¢o) and for one and only one m € Mj. Again, notice that
Fi(F(m,)) <0

Fl(F(T_nl)) > mo

Hence, using the continuity of F'(F'(-)), we construct a new interval My =
[mg, mo] with the usual properties. If F5(F'(y,)) = p+ ¢ then we have found
a solution to the system (refsystem) with initial condition y,. Otherwise, if
F5(F(y,)) > p+4, we construct a new set Mz C My and repeat the process.
It could be the case that the procedure never stops, and we have then to
construct an infinite sequence of nested closed intervals My, Mo, .... For n =
1,2, ... define the restrictions M, C M, in the following way. Consider any
m € M, and an initial condition (m, Ay, ¢o). Call y(7) = (m(7), A(7), ¢(7))
the unique solution with m(0) = m for 7 € [0,T;,]. Then m € M,, if and
only if the following holds

m(7) € [0,mz2] 7€ [0,T},]

A() € [p+6,Ag] 7€ [0,T) (®1)
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Because of (60) the sets M, are non empty, since they always contain m,,.
By continuity of y(7) in m(0) the sets M,, are closed. Moreover, it is also
easy to see that My 2 M, D My D .... Since M, is compact and M, is
an infinite sequence of closed subsets of My having the finite intersection
property we conclude that

M

() M # 0
n=1

The set M is the set defining initial conditions m(0) to which we can asso-
ciate a unique solution to the system of differential equations.

Step 2.

The part of the Lemma requiring that any m(0) is arbitrarily close to mo
as v — 0 is proven as follows. Take any initial condition § = (m, Ao, ¢p) for
an arbitrary m < mg. I show that, as v becomes small, the initial condition
m~(0) of any solution y,(7) must lie in the interval (m,ms).

Define yo(7) = (m%(7), A°(7), ¢ (7)) the solution to (59) corresponding to
~ = 0 and initial condition yo = g, for 7 € [0, 7] and T > 0. The existence
of a solution m(7) for 7 € [0,7] and T not too large is guaranteed by the
arguments presented above. Notice in particular that, from (??),w(7) =0
is a solution for all 7 , hence

A%ty =Ag Vre|0,T]

Moreover, since m < msg,
mo(1) <0 Vr

It is easy to prove that, given two initial conditions m > m, the respective
solutions m®(7) and 7 (7) satisfy

m®(t) >ml(r) T€[0,T]
Given the initial condition m®(0) = m we can then choose a time T
m®(T;m) = —e(m)

e(m) > 0, where €(m) is decreasing in m. Also, since a solution for 7 € [0, T
exists if v = 0, then a solution y,(7) with y,(0) =  must exist when v > 0
and small. The function y,(-) is continuous in v with respect to the sup
norm, i.e. for any €; > 0 there exists an e; > 0 such that

sup |ly(7) —wo(7)[| <er Vv € [0, €]
T7€[0,T
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Now take €; < € and suppose that, for some v < €9, there is a global
solution y(7) to (59) for 7 > 0 such that y,(0) = §. Then y,(7) is the
unique solution to (59) for 7 € [0,7]. Continuity implies

Im(T) —m®(T)| < e1 = my(T) < e1 —e<0

We conclude that, given an m < mg we can always find a « sufficiently
small so that m~(0) = m cannot be the initial condition of a solution to (59)
with the required restrictions on m. In particular, any solution m.(7) must
satisfy

m < m~(0) < my

Hence, as v gets close to zero, any solution is such that the initial condition
m~(0) gets close to ma.

Step 3.
This part proves uniqueness for an initial condition ¢g9 = 0. Consider the
followingproperty.

Property 2. Suppose that there are two solutions y(7) and §(T) corre-
sponding to initial conditions y(0) = (m, Ao,0) and §(0) = m, Ap,0) such
that m > m. Then

m(r) >m(r) 7>0

A(T) < A(r) 7>0

In fact, it is easy to see that m > s implies G(0) > G(0) so that
A(1) < A(7) and m(r) > m(7) in a neighborhood of 7 = 0. Suppose that
there exists at a certain time 71 when A(ry) = A(ry), m(7) > r(r) and
A(1) < A(7) for 7 € [0,71). Then it must be the case that

g9(m) —g*(m) > 4(n) — §(n)
But since g%(r1) = §%(m1),

g(m1) > §(r1) = G(r1) > G(m1)

which is a contradiction with A(m;) = A(71). Now suppose that that there
exists at a certain time 71 when m(m) = m(r), A(7) < A(11) and m(7) >
m(7) for 7 € [0,71). Then it must be the case that

g(r1) — g%(m1) = §(m1) — §(1)



But since A(ry) < 121(7'1) and m(ry) = m(m),
(1) > m(r)

which is again a contradiction and we establish the results of the property.
If m(7) and 1 (7) are both solutions then A(7)—A(r) — 0 since the marginal
product of capital converges always to p+9. Consequently, aggregate capital
K(7)—K(7) — 0. Take any time 7 sufficiently large so that g%(7) = §%(r) =
0. Since, by the previous property, m(7) > m(7)

g(1) > 4(7)
Again, by the previous property
A(r) < A(1) = K(7) > K(1)

But then R
lim K(r) — K(1) >0

T—00

which is a contradiction. We conclude that, if ¢(0) = 0 the solution is
unique. ]

Proof of Proposition 1

Proof. If My = () the proposed leverage limits exist, are unique sustainable
by Lemma 2. The proposed value of my is the largest for an equilibrium with
no default by construction. I show that there is no equilibrium with default.
Since + is small, any m(0) is arbitrarily close to mg. Any equilibrium with
default would then require mg > mo. But this is not possible since M; = ()
and this case corresponds to the dashed line in Figure 5.

Assume that M # (. For the proposed equilibrium rg = p + nmy. Given
an initial condition condition my = max{M;} for the leverage ratio, the
houshold might have an incentive to default and then choose a leverage
ratio m({, = m(0), in order to pay a lower interest rate ro = p. I show that
this is not the case. Note that VO(m{) = V(mg) = V¢ = V°(my). Moreover,
since m(0) is arbitrarily close to ma,

p(p + m0) [V (mo) — V(mp)] = [plog(L —mo) + Go] — [plog(1 — mp) — o]
= [¢% — Olog(1 — myg)] — [¢¢ — Blog(1 — my)] + Ey

m,
0 4e,>0

=01
08
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The inequality holds because mg and mg don’t depend on v, mg > ma > my,
and e, can be made arbitrarily small. Choosing mg delivers then more utility
to the household. This last part shows also that, for v small g{ < Go.
Finally, T prove that if M # () there is no equilibrium with endogenous
leverage limits that excludes default at the turning point. Suppose, by
contradiction, that such an equilibrium exists. The initial condition would
be m{ = m(0). As usual define my = max{M;}. Define G the aggregate
growth rate when the capital of all the households grow with the leverage
ratio mg and an interest rate ro = p+nGy. Define G|, the aggregate growth
rate when the capital of all the households grow with the leverage ratio my
and an interest rate r{, = p. Define gy the growth rate of the capital of a
single (deviating) household with a leverage ratio mg and an interest rate
ry = p+nG'. We know that Gy > G{,. Moreover gy > G, since rj < rp .
Then

p(p +m0)[V (mo) — V(mg)] = [plog(1 — mo) + go] — [plog(1 — myg) + go]
> [plog(1 —mo) + Gol — [plog(1 — mg) — gg]

m
=01 0
ogl_m0+57>0

If, starting with an initial condition m( the household makes the leverage
ratio jump to mg and remain there until the turning point, she would receive

a value V ,

my /

> V(m
0 > V()
The household would then choose a leverage ratio mg, which is strictly larger
than m(, and supportable by construction. Therefore the leverage bound m’
is not endogenous.
For the last part notice that, for any m, fi(m; &) > fi(m;&). O

~ 1
V =V(mg) + ;log
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6 Appendix B

I derive the equations determining the evolution of the aggregate growth
rate of capital and of the fraction ¢ of capital allocated to households in
default.

Total capital K evolves according to

¢ efoT ggl_’_TdT—‘,-f: gt+TdT

Kt+5 = (1—(1)15)}(,56]‘0F gt+TdT+¢th [eeeef(; gf+TdT + / QeerT]
0

1 —mgsr

which gives

Kive = Kil(L = )1+ 1) + 00 |1+ (o~ Ot 1o

e} + o(e)

Define G; = lim,_,q K’f%:m and equation (42) is obtained.

The evolution of the share ¢ is the following,

€ d
Kiye — ¢th6—es€f0 GiyrdT
1- ¢t+e =
KtJre

e—@e—l—fo6 g, dr

d
ef()6 Gt+7'dT

Grre = d[L+ (g — 0 — Gr)e] + o(e)
from which we get (43).

Gtre = O
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